
Impricit 
method for the 
heat equation 



Backward difference in time (Backward Euler) for the 
heat equation  

𝜕𝑢

𝜕𝑡
𝑥, 𝑡 = 𝑐

𝜕2𝑢

𝜕𝑥2
𝑥, 𝑡 𝑖𝑛 (𝑎, 𝑏) × (0, 𝑇)

Discretize both sides in the following way:

𝜕𝑢

𝜕𝑡
𝑥, 𝑡 ≈

𝑢 𝑥, 𝑡 − 𝑢 𝑥, 𝑡 − ∆𝑡

∆𝑡
,

𝜕2𝑢

𝜕𝑥2
𝑥, 𝑡 ≈

𝑢 𝑥 + ∆𝑥, 𝑡 − 2𝑢 𝑥, 𝑡 + 𝑢 𝑥 − ∆𝑥, 𝑡

∆𝑥 2



• Then we get

𝑢 𝑥, 𝑡 − 𝑢 𝑥, 𝑡 − ∆𝑡

∆𝑡
=
𝑢 𝑥 + ∆𝑥, 𝑡 − 2𝑢 𝑥, 𝑡 + 𝑢 𝑥 − ∆𝑥, 𝑡

∆𝑥 2
.



𝑢 𝑥, 𝑡 −
𝑐∆𝑡

∆𝑥 2
𝑢 𝑥, +Δ 𝑡 + 2𝑢 𝑥, 𝑡 + 𝑢 𝑥 − ∆𝑥, 𝑡

= 𝑢(𝑥, 𝑡 − Δ𝑡)

• If we write 𝑢 𝑖Δ𝑥, 𝑗Δ 𝑡 = 𝑢𝑖,𝑗 we have 



𝑢 𝑥, 𝑡 −
𝑐∆𝑡

∆𝑥 2
𝑢 𝑥, +Δ 𝑡 + 2𝑢 𝑥, 𝑡 + 𝑢 𝑥 − ∆𝑥, 𝑡

= 𝑢(𝑥, 𝑡 − Δ𝑡)

• If we write 𝑢 𝑖Δ𝑥, 𝑗Δ 𝑡 = 𝑢𝑖,𝑗 we have 



• To do this, discretize space and time. 

space: 𝑎, 𝑎 + ∆𝑥, 𝑎 + 2∆𝑥,⋯ , 𝑎 +𝑀∆𝑥 = 𝑏,𝑀 ≔
𝑏−𝑎

∆x

time: 0, ∆𝑡, 2∆𝑡,⋯ ,𝑁∆𝑡 = 𝑇,𝑁 ≔
𝑇

∆𝑡

By the appropriate choice 

(𝑖∆𝑥, 𝑗∆𝑡) fit the grids  Boundary 
condition

𝑡

𝑥

Boundary 
condition

Initial  
condition



1 − 2
𝑐∆𝑡

∆𝑥 2 𝑢𝑖,𝑗 −
𝑐∆𝑡

∆𝑥 2 (𝑢𝑖+1,𝑗+ 𝑢𝑖−1,𝑗)= 𝑢𝑖,𝑗−1

Solve 𝑢𝑖,𝑗 𝑖 = 1,⋯ ,𝑀 − 1 using 𝑢𝑖,𝑗−1 𝑖 = 0,⋯ ,𝑀 .

And above equation can be translated into matrixial equation.



1 + 2𝑎 −𝑎 0 ⋯ ⋯ 0
−𝑎 1 + 2𝑎 −𝑎 0 ⋯ 0
0 −𝑎 1 + 2𝑎 −𝑎 ⋯ 0
⋮ ⋮
⋮ ⋮
0 ⋯ 0 −𝑎 1 + 2𝑎 −𝑎
0 ⋯ 0 0 −𝑎 1 + 2𝑎

𝑢1,𝑗
𝑢2,𝑗
⋮
⋮
⋮

𝑢𝑁−2,𝑗
𝑢𝑁−1,𝑗

=

𝑢1,𝑗−1 + 𝑎𝑢0,𝑗
𝑢2,𝑗−1
⋮
⋮
⋮

𝑢𝑁−2,𝑗−1
𝑢𝑁−1,𝑗−1 + 𝑏𝑢𝑁,𝑗


