1 Discretization of 2 dimensional elliptic equa-
tion '
1.1 Weak formula of Laplace equation

Here, we will consider discretization of Laplace equation by using finite ele-
ment method. Strong formula of Laplace equation is the following formula:

Au = 0 onQCR"
u = g ondf.

A weak formula is

—/Vu~VCd:c = 0 Y eCr()
13
u = g ondq.

We use this form as a starting point. We assume Q C RZ.

1.2 Finite element decomposition

We divide @ C R? into set of triangle subdomain (we call this finite el-
ement or simply element. We call vertices of each triangle node.) This
decomposition should be

(1) Each edge (side) of triangle should be fit neighbor’s edge without gap
and over lapping

(2) Vertices of triangle common for each neighbor triangle

(3) For triangle on the boundary, vertices should be put on boundary point

1.3 Area coordinate

We introduce area coordinate. This is one of the transforms from arbitral
triangle to rectangular equilateral triangle whose peak is on origin.
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Let 4(z,y) be a piecewise linear function which approximates u(z,y) on a
finite element e, then we can write

i(z,y) = oz + By +1. (1.1)

Here o, B and v are constants which will be defined.
Let (z;, %), (¢ = 1,2,3) be nodal points on each finite element e and Let u;
(¢ =1,2,3) be a value of u on each nodal point. Then, since

uy=az+By1+7v
Uy = azz + Pyz +7
ug = azs + Pys +7

hold then we have

U 1 Y 1 a
u | = |2 y2 1 B
U3 z3 y3 1 Y
Here, if we put
z3 y1 1
D=z yy 1
z3 y3 1

D # 0 because the nodal points not on one line then, by Cramer’s rule we have

z; up 1 Ty N U
Ty up 1 Ty Y2 Uz
z3 ug 1 T3 Y3 U3
— b " Db

For (4,4, k) = (1,2,3), (2,3,1), (3,1,2), if we define

e Yi— Yk be = Tr— T5  TiYr — TrY;
a; = ———, i - i ——
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we can write

a ay az a3 U
Bl=|b b bs||w
Y €1 C C3/.\Us

and

a—za.u., B = zb.w, v= Zc.u., (1.2)

i=1 =1
holds. Therefore, by (1.1), (1.2), we have

3
i(z,y) = Z(aﬂ: + biy + ci)u;

i=1

and if we put
Xi(z,y) :=az + by +¢; (1.3)
then we can write
3
i(z,y) = Z Aitti. (1.4)
i=1

We call (A4, Az, A3) area coodinate. By using this derivative of 4 by z,y can
be expressed just by area coodinate, i.e.
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1.4 Basis function on rectangular domain

In this subsection, we will discuss basis functions for finite element. The
basis function (; will be defined

(1) on each nodal point i,

(2) ¢ =1 on the node and ¢; = 0 on the edge(side) of neighbor element of
nodal point,

(3) Piecewise linear function on each element and identically zero outside of
neighbor triangle.



The graph of it in the following form.

1.5 An example of integration using basis function

We forcus on square domain €2 and divided this N equal length in z axis
direction and y axis also. Each small square, its edge length is equal to Az.
Put number on each node in the following way:

N(N+1)+N
N 2N
N-1
N N
2| \N+3
1 N2
] N+1 2N+1 N(N+1)

Nodal point at number at (i x Az, j x Az) is i(N + 1) + 5.
(i=07"' )N) 7=0,--- 7N)

Here, put n = i(N + 1) + j and give node number for triangles for which nth
node is belonging to as p;,p2,--- ,ps. And for each triangle domain, we give
number as €y, ,€nyy** 5 Eng-
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pa=n+N

pa=n-1

Let us consider the basis function (, which takes value one on n th nodal
point. On the element which (, # 0, discretize the following

- / /‘; Vu-V"(',,da:dy =0. (1.8)

(We do not need to consider above integral on the element which satisfies
(n = 0, because integral become zero. On the element e,,, we apply linear
approximation to u by (1.4), then

ue,y) =a®(z,y)= Y MYu, i (z,9)€en.  (16)
m=n,pa,pg

Note that A is a area coordinate defined by (1.3) the elemente,;. And up,
is value u on the m*. By the definition of basis function (,, we have

( ASfﬂl) (z,9) € en,
S‘en,) (,9) € en,
s'eﬂa) (2,9) € €n,
Ca(z,y) = Al (z,y) € eq, (1.7)
As'e'w) (z,Y) € eny
ane) (2,9) € ene
| 0 otherwise.



By (1.6) and (1.7), we calculate (1.5) then

_ / L Vu-Videdy = _:; / /e,. (V(Z,\("”")u) vx“%’) dzdy
- _Z;( / / (ZVA“"k)u) V,\‘°"'-’dzdy)
- _Z (211,, / "’"k’-VAEf""’dzdy)

k=1

el

= (Bup — 2up, — 2up, — 2u,

~(Bap?

- 2“?5)

= —(4Up — Unt1 — UnyN41 — Ung — Un—nN—1) (1.8)

holds. Note that area of |e| is (3(Az)?).

We can extract nodes on the boundary because it is determined by Dirichlet
condition. If the number of nodes no the Dirichlet boundary is equal to M,

the number of equation defined (1.8) is N(N +1) +1 - M.

1.6 Example of discretization of Laplace equation

As a concrete example, we discretize the following two dimensional equation,

Au = 0 onQ={(z,y)|-1<=z,y<1}
z = 1 ondQ.

Choose N = 4, as we explained before, we proceed calculation,

0 -1 0 -1 4 0 0 -1 |/ usg
0 0 -1 0 0 4 -1 0 %1
0 0 0 -1 0 -1 4 -1 || ux
0 0 0 0 -1 0 -1 4/ \ ug/

O O O O o

\

(4 =1 0 -1 0 0 0 0 0 (u)
4 -1 0 -1 0 0 0 0 uy

0 -1 4 0 0 -1 0 0 0 us

-1 0 0 4 -1 0 -1 0 0 uny
-1 0 -1 4 -1 0 -1 0 u | =

N = O =N =N

1

\ 2/

We got above. Note that if the size of matrix equation, the elements are almost
zero. We call this kind of matrix sparse matrix. And the treatment of sparse

matrix is quite different from dense matrix in the computer.
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