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ABSTRACT. We consider a toy model of rate independent droplet motion on
a surface with contact angle hysteresis based on the one-phase Bernoulli free
boundary problem. We introduce a notion of energy solutions to address the
motion, and discuss their geometric properties in space and time variable. First
we show that the solutions satisfy the dynamic contact angle law of moving
contact lines up to H%¢ l-a.e. at each time. Second we introduce a second
notion of solutions based on comparison principle, to describe the principle
of “maximally delayed jump time”, a physically natural property that energy
solutions do not satisfy.

When solutions are star-shaped and there is no jump in time, we show that
these two notions of weak solutions coincide. In this setting we are able to
take advantage of both notions and show the (almost) optimal regularity of
the contact line and the convergence of a minimizing movements scheme.
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1. INTRODUCTION

The purpose of this paper is the analysis of geometric properties of the solutions
of a toy model of a quasi-static droplet motion with contact angle hysteresis effects.
In this model, we consider a droplet on a flat d-dimensional plane whose free surface
is given as a graph of a function u = wu(t,z), v : U x [0,00) — [0,00), where
U c R? is a connected domain with compact complement; see Figure 1. The sets
Qu(t)) :== {u(t) > 0} and {u(t) = 0} are respectively the wet and dry regions
at time ¢t. At the domain boundary OU, the height of the droplet surface is a
given function of time F = F(t). We assume that the time scale at which the
droplet reaches equilibrium is much shorter than the time scale at which F' changes,
that is, the evolution is quasi-static. Therefore at each time w(t) minimizes the
linearized surface area of the graph {(z,u(t,z)) : u(t,z) > 0}, and at the boundary

Key words and phrases. Rate-independent evolution, free boundaries, contact angle hysteresis,
free boundary regularity.
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FIGURE 1. Side view (left) and the top view (right) of the setup
for the one-phase free boundary problem.

of the wet region 0{u(t) > 0} N U the contact angle is one in the allowed interval
|Vu(t)|> € [1 —p—, 1+ py] with some p— € (0,1) and g4 > 0. In summary, at each
time ¢ € [0, T, u(t) is a solution of the local stability condition

(1.1) {Au(t) =0 in Qu(t))NU,

1—p_ < |Vu@)]? <1+ pr on dQu(t)) NU,
while it satisfies the Dirichlet boundary condition
u(t) = F(t) on OU.

It remains to specify how the droplet reacts to the changes in the boundary
condition F'(t). Here it seems reasonable to require that the support Q(u(t)) =
{u(t) > 0} adjusts as little as necessary so that the conditions in (1.1) can be
satisfied. This should mean that it expands (resp. shrinks) only at points where
the contact angle condition |Vu|? < 1+ py (resp. |Vul? > 1 — p_) saturates. This
heuristic “motion law” suggests the dynamic slope condition

(1.2) Vu(t)*(x) =1+ pse i £V, (Qu(t),z) >0 on 9Qu(t))NU,

where V,,(Q(u(t)), z) is the outward normal velocity of Q(u(t)) at = € 9Q(u(t)).

It is natural to frame this as an obstacle problem for u(t) as long as the forcing
F' is piecewise monotone. More precisely, we assume that there is a finite set Z
such that

(1.3) F:[0,7] — (0,00) is Lipschitz and changes monotonicity only on Z.
The above motivates the following definition.

Definition 1.1. We say that u : [0,7] x U — [0,00) is a obstacle solution (O) in
U driven by F on OU if
(1) (Initial data) u(0) is a viscosity solution of the local stability conditions
(1.1).
(2) (Dirichlet forcing) For all t € [0, T]

(1.4) u(t) = F(t) on OU.



COMPARISON PROPERTIES OF RATE INDEPENDENT DROPLET EVOLUTION 3

(3) (Obstacle condition) For every (s,t) N Z = (), so that F' is monotone on
[s,t], u(t) is the minimal supersolution of (1.1) and (1.4) above u(s) when
F is increasing on [s,t] (resp. maximal subsolution below u(s) when F' is
decreasing).

The notions of minimal supersolution and maximal subsolution above are in the
viscosity solutions / Perron’s method sense; see Section 4 for more details. The
stability condition on the initial data is for convenience, otherwise the solution
could jump at the initial time resulting in a “replacement” initial data satisfying
(1.1).

It is not hard to show that an obstacle solution satisfies the local stability and
dynamic slope conditions:

Theorem 1.2 (see Lemma 4.13). Let F satisfy (1.3), and let u be an obstacle
solution in the sense of Definition 1.1 that is uniformly non-degenerate at its free
boundary. Then u satisfies the local stability condition (1.1) and the dynamic slope
condition (1.2) in the viscosity solutions sense; Definition 77.

However, the question whether the conditions (1.1) and (1.2) uniquely charac-
terize the obstacle solution is less obvious and we give an affirmative answer in
the strongly star-shaped setting with additional regularity assumptions, Theorem
4.10 v. In fact, we do not expect this to be the case when there are jumps in the
evolution, which cannot be easily ruled out in the non-star-shaped setting.

In a general setting, the obstacle solution (O) can jump in time due to topological
changes of the wet region Q(u(t)); see Section 2 for examples. The handling of
jumps seems physically reasonable as, in a certain sense, the solution jumps “as
late as possible”. We believe that this is an important feature of this notion. This
is in a contrast to an alternative approach to modeling the quasi-static evolution:
a rate-independent evolution of the Bernoulli functional

(1.5) T = [ V0P +1pmy de, ve H'U),
U

where 1,50y is the indicator function of the set Q(v) := {v > 0}, with a dissipation
distance

Diss(v1,v2) 1= 4 [Q(v1) \ Q(vo)| + p—[Q(vo) \ 2(v1)],
again driven by the Dirichlet forcing F'.

The authors explored this approach in [18] so we refer the reader to that paper for
details. Here we briefly review the important definitions. The approach is inspired
by the work of DeSimone, Grunewald, and Otto [15], with theory developed by
Alberti and DeSimone [1], that considered minimal surface functional with volume
forcing, within the framework of the rate-independent systems [26].

In [18] the following notion of a solution was introduced:

Definition 1.3. A measurable u : [0,7] — H'(U) is a energy solution (E) of the
quasi-static evolution problem driven by Dirichlet forcing F if the following hold:

(1) (Forcing) For all t € [0, T
u(t) = F(t) on oU
(2) (Global stability) The solution u(t) € H(U) and satisfies for all ¢ € [0,7]:
(1.6) J(u(t)) < J(u') + Diss(u(t),u’) for all u' € u(t) + H (U).

State the theorem
here?
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(3) (Energy dissipation inequality) For every 0 < tg < t; < T it holds

(1.7) T (u(te)) — T (u(ty)) + / "9B(H)P(t) dt > Diss(u(to), u(t)).

to

Here P(t) = P(u(t)) = [ Bgff) dS is an associated pressure.

A formal first variation of the global stability condition (1.6) shows that u(t)
should indeed be a solution of (1.1). However, due to the global nature of the
stability condition, the solution can in principle jump to a more favorable energy
configuration earlier than would be physically reasonable; see Section 2.2 for a
discussion of an example. Therefore we do not expect that the obstacle solutions
(O) and energy solutions (E) coincide when jumps occur.

The authors showed in [18] that the limit points as timestep 6 — 0 of the
following minimizing movements scheme are energy solutions: Define a piecewise
constant interpolation

(1.8) us(t) :=uf and Fj(t) = F(kd) if t € [kd, (k + 1)0).
of the time-discrete scheme
(1.9) uf € argmin {T(w) + Diss(uf ™" w) : w € F(kd) + Hy(U)}.

As our second main result, we show that the obstacle solutions coincide with
the notion of energy solutions that is generated from the minimizing scheme in the
case of strongly star-shaped data. As we will see convexity is not preserved in the
problem, Section 2.3, and thus star-shapedness is the most natural context for this
problem where no topology change or jump occurs in the problem, which allows
pointwise regularity analysis.

Theorem 1.4 (see Theorem 4.10 and Theorem 5.4). Let F satisfy (1.3), and let
u(0) be strongly star-shaped with bounded support R4\ U C Qq. Further assume
that 0 is C1* and u(0) satisfies (1.1). Then the following holds for u, the unique
obstacle solution (O) on [0,T] with indtial data u(0):

(i) The unique (O) solution u is also the unique energy solution that is the
limit of minimizing movement scheme with initial data uw(0). Moreover the
solutions (1.8) of the discrete-time minimizing scheme converge uniformly
to u(t) with a uniform rate that only depends on F, py.

(ii) wu(t) is strongly star-shaped for each time.

(i) u(t) and Qu(t)) = {u(t) > 0} is C¥*C, N LeeCr™ ™0k

Philosophically, (a) indicates that the local stability and dynamic slope con-
ditions contain all the information in (E) or (O) except for the jump law. The
regularity result in (iii) implies in particular that, in the event of “peeling” (that is
when 0{u(t) > 0} detaches from that of u(to) for ty < ¢ at zg, it does not detach
faster than |z — ol Tmin(1/2,:),

Besides the regularity theory developed in Section 3, the novel comparison princi-
ple for solutions of viscosity solutions of (1.1) and (1.2), Proposition 4.19, also plays
a central role in this theorem. The convergence result for minimizing movements
solutions part (i) follows a similar idea to Chambolle’s proof of convergence of the
Almgren-Taylor-Wang / Luckhaus-Sturzenhecker schemes for mean curvature flow
[2,12,24].
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The star-shapedness is a key hypothesis in Theorem 1.4. Perhaps most impor-
tantly, the star-shaped geometry is used to ensure that there is no jump in the
obstacle solution (O). This is crucial to obtain part (i), since the energy solutions
and obstacle solutions have different jump laws, as we illustrate by an example in
Section 2.

The local cone monotonicity implied by star-shapedness is also used to obtain
the regularity result in (iii). Cone monotonicity allows us to show, in Section 3,
that all blow-ups at the free boundary are half-plane solutions. Then we can invoke
the “flat means smooth” results of [13,20] for Bernoulli obstacle problems.

1.1. Open questions. We end the introduction with several open questions.

o Dissipation distance
In general, the central difficulty with energy solutions is to find a suitable globally
defined dissipation distance. In the isotropic case that we consider in this paper
there is a simple and natural dissipation distance. Such a quantity is not always
available. For example, it is not clear how to define any global dissipation distance
in the case of anisotropic media arising from periodic homogenization [10,16,19,23].

o Jump-time with energetic notion

Fit this in here: In the companion paper CITE, we will discuss a notion of
obstacle solutions, which has a physically preferrable jump law (“as late and little
as possible”) in comparison to the energy solutions. This notion is also easier
to work with in terms of regularity analysis. In the star-shaped setting where no
jump occurs, we show that the obstacle solutions coincide with the energy solutions
generated by minimizing movements. An important motivation for introducing the
obstacle solution, even outside of the star-shaped case, is that it handles time jump
discontinuities well. Specifically, the obstacle solution jumps “as late and as little
as possible”. This is regarded as a more physical jump condition, the same as the
notion of balanced viscosity solution: see for example [25] or [26, Chapter 3.8.2].
The obstacle solution dissipates the “right” amount of energy on its jumps, but
does not obviously yield an energetic notion of jump dissipation.

It would be interesting to study the possible connection of the balanced viscosity
notion with our obstacle solution (O), but we do not address that in this work.

oMotion law

The motion law (1.2) is satisfied in a different weak sense for each (E) and (O).
While it is natural to obtain a measure theoretic version of the motion law for
energy solutions, one expects the property to hold for (E) in the viscosity solutions
sense. This seems rather nontrivial to verify. not sure actually if we expect this...

1.2. Notations and conventions. We list several notations and conventions which
will be in force through the paper.

> We call a constant universal if it only depends on d and u4 > 0, p— € (0, 1),
a constant is called dimensional if it only depends on the dimension.

> We will refer to universal constants by C' > 1 and 0 < ¢ < 1 and allow such
constants to change from line to line of the computation.

> We often abuse notation and write (¢) instead of Q(u(t)) etc.



6 W. M. FELDMAN, I. C. KIM, AND N. POZAR

> u* and u, denote the upper-semicontinuous envelope and the lower-semicontinuous

envelope of u, respectively, see (4.2). We write USC and LSC respectively
as shorthand for upper semicontinuous and lower semicontinuous.
> F + Hg(U) refers to the space of functions in H!(U) with trace F on 9U.

2. MOTIVATING EXAMPLES

In order to introduce the problem and motivate the phenomena we will study in
the paper we present several examples with analytical computations and numerical
simulations.

2.1. Numerical simulations. The obstacle solutions (O) can be relatively easily
approximated by a large time limit (7 — o0) of a dynamic contact angle problem:
Suppose that F' is increasing on [s,t]. Given u(s), u(t) can be found as the limit
7 — oo of the unique, monotone solution of the free boundary problem

—Aw(r) =0, in {w(t) >0}NU,
V,, = max(|Vw| — (14 p4)*2,0) on 8{w(r) >0} N,
w(T) = F(t), on OU,

{w(0) > 0} = {u(s) > 0}.

Analogously, for F' decreasing on [s, t] we replace the velocity law by V,, = min(|Vw|—
(1— i )1/2,0).

A numerical solution can be found by adapting the level set method introduced
in [21], stopping at 7 when |V,| < € for some small parameter € > 0. Plots in
Figure 2 were produced this way.

2.2. Jump conditions for (global) energetic vs obstacle solutions. Next
we consider an example where the jump time for the energy solutions is different
from the jump time for the obstacle evolution. Heuristically speaking the obstacle
evolution solutions jump as late and as little as possible, while the (global) energy
solutions jump whenever it becomes energetically favorable.

Consider a domain U which is the complement of two disjoint closed disks and
initial data given by two disjoint annuli. Then under increasing F'(t) the solution
will consist of two disjoint annuli until the value of the forcing when the boundaries
of the two annuli meet at a single point. As F' continues increasing past that critical
value the solution will need to jump outwards to a new state. This situation is
depicted in the simulations in Figure 2.

The energy solution with the same data and forcing must jump before the value
of the forcing when the two annuli touch. One way to see this is that the blow-up
at the touching point of the annuli is a two plane solution of the form

v(@) = (L+ ) -el.

However this blow-up does not satisfy the global stability condition in (E), since
the harmonic replacement in any open region has the same positivity set but lower
Dirichlet energy. Since any blow-up of a globally stable state is also globally stable
we conclude that no energy solution can coincide with the obstacle solution all the
way to the jump time.
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2.3. Convexity is not preserved under the obstacle evolution. Consider the
Bernoulli free boundary problem in the complement of a convex obstacle K

—Au=0 in {u>0}\K, with |Vu|=1 on 9{u>0}\ K.

It is known, see Henrot and Shahgholian [22], that the (unique) compactly sup-
ported solution of this problem has convex super-level sets. In particular if one
considers the obstacle solution (O) without pinning p4 = 0, then the solution ()
of the obstacle evolution (which depends only on the current value F(t) due to the
lack of hysteresis) is convex at all times.

It is natural to ask whether convexity is still preserved under (O) in the case
of nontrivial pinning interval gy > 0. In fact it is not. We give a simulation of a
counterexample in Figure 2 and present a sketched proof here.

Consider the case of K = By, F'(0) = 1, and an initial region ¢ which is a
“stadium” type initial data which is a large portion of the strip —a < z2 < a
capped off by two circles of radius a centered at (£b,0). Here 0 < a — 1 <« 1
and b > 1. The initial region 2y and K uniquely determine the initial profile uy,
which does have convex super-level sets due to [11]. Fix the pinning interval by the
relations

. 2 . 2
pt = 1ax(|Vuo|® — 1) and p := max(1 — [Vuol%).

By symmetry considerations the first maximum is achieved at (0, £a) and the sec-
ond at (£(b+ a),0). We can guarantee that both maxima are positive by choosing
the a close to 1 and b large. Now increasing F'(¢) slightly above 1 the free boundary
needs to immediately move outwards near (0,=+a) since the slope there is already
saturated at |Vug(0,a)|?> = 1+ p., but since this is exactly the maximum value
of the slope the outwards movement will only be in a small neighborhood of those
two points. This motion must produce nonconvexity because the domain Q(¢) will
have outward normal e; both at some point (0,a + §(t)) and at (b, a).
This argument could be justified rigorously using Theorem 1.4.

3. REGULARITY THEORY OF BERNOULLI OBSTACLE PROBLEMS

In this section we consider a pair of obstacle problems for the Bernoulli free
boundary problem, one with an obstacle from above and the other with an obstacle
from below. The two problems are similar but not exactly symmetric, as we will
see below in the analysis. The regularity theory of the problem with obstacle from
above has been developed by Chang-Lara and Savin [13], and as we were finishing
preparing this paper their theory has been extended to the obstacle from below
case by Ferreri and Velichkov [20]. We present the problems, recall the flat implies
smooth regularity results from the above-mentioned works, and then show how to
achieve the initial flatness and full regularity under a cone monotonicity hypothesis
which is appropriate for our work.

3.1. Bernoulli obstacle problems. Let U be an open region, the domain. We say
that u is a solution / supersolution / subsolution of the (unconstrained) Bernoulli
free boundary problem in U if

{Au:O in{u>0}NU

3.1
(3.1) [Vu|=1 on 0{u>0}NU.

Let the obstacle O be another open region with C*® boundary.
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FIGURE 2. Plots of boundaries of obstacle solution (O) simula-
tions. Solid curves represent 9Q(t) N U plotted for evenly spaced
values of F(t), with the initial shape dashed. OU is given by a
dotted curve. Top left: Disconnected annuli initial data, jump dis-
continuity on touching. Top right: Receding situation (decreasing
F(t)) with initial data given by the last step of the top left image.
Note that the jump occurs at a different configuration, as late as
possible. Bottom left: Different radius annuli, free boundary peels
from the larger annulus after the jump. Bottom right: Stadium
type initial data, convexity is not preserved.

Definition 3.1. A function u € C(U) is a solution of the Bernoulli problem in U
with obstacle O from below if

Au=0 in{u>0}NU

u>0 inonNU

|[Vul =1 on (0{u>0}\0)

[Vu| <1 on A:= (0{u>0}NI0)

(3.2)

Definition 3.2. A function u € C(U) is a solution of the Bernoulli problem in U
with obstacle O from above if

Au=0 in{u>0}NnU

u=0 in U\O

[Vu|=1 on (8{u>0}NO)

[Vu| >1 on A:= (8{u> 0} N350).

(3.3)

See Figure 3 for depictions of obstacle solutions.
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|[Vul <1

[Vu| > 1 |[Vu| =1

FI1GURE 3. Left: Obstacle from above, slope is larger than 1 ev-
erywhere and saturates where free boundary bends into O. Right:
Obstacle from below, slope is smaller than 1 everywhere and sat-
urates where free boundary bends away from O.

3.2. Additional hypotheses. The obstacle below (resp. above) problems do not
provide any a-priori bound on the slope at the free boundary from below (resp.
above). Given a regular domain O and a specific boundary data on OU one could
establish such bounds on the interior. However it is more convenient for us to just
list these additional bounds as hypotheses which will be in force for some (but not
all) of the statements below. Let 0 < k < 1 and consider the hypothesis: in the
obstacle from below case

(3.4) |[Vu| > k in the viscosity sense on 0{u > 0} N U,
and in the obstacle from above case

(3.5) |Vu| < k71 in the viscosity sense on d{u > 0} N U.

3.3. Existence and typical examples. An indicative example of u solving a
Bernoulli problem with obstacle from below (3.2) is the Perron’s method obstacle
minimal supersolution

(3.6)

u(z) := inf{v(z) : v is a supersolution of (3.1), v =g on OU, and v > 0in ONU}.

Here g € C(9U) is some boundary condition. In order for the minimal supersolution
to also be positive on O we need to put some additional condition on g. Notice
that every supersolution in (3.6) is above w, the solution of the Dirichlet problem

Aw=0 in ONU, w=0 on JONU, and w=g on OUNO.

So if w > 0 in O then u will be positive in O as well. In particular it would suffice
to assume that

g>0 on ONaU.

The obstacle solution property follows from the typical Perron’s method arguments.
Local upward perturbations are possible everywhere in U, so u is a supersolution
everywhere, while local downward perturbations are possible only away from 9{u >
0} N O limiting the subsolution property.
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An indicative example of u solving a Bernoulli problem with obstacle from above
(3.3) is the obstacle maximal subsolution
(3.7
u(z) := sup{v(z) : v a subsolution of (3.1) in U, v = g on U, and {v > 0} C O}.

For consistency the positivity set of g on OU should be contained in O NQU. As
before Perron’s method applies, arbitrary downward perturbations are possible so u
is a subsolution everywhere, but local upward perturbations are only allowed away
from 0{u > 0} N O.

Remark 3.3. Asin [13] it is also possible to construct solutions to (3.3) by minimal
supersolution Perron’s method, or by energy minimization. However, it is the
maximal subsolutions that we will encounter in this work. This is something we
need to be careful with, since non-degeneracy at the free boundary is a more delicate
issue for maximal subsolutions.

3.4. Flat implies C%z~ and regularity of cone monotone solutions. First
let us recall the flat implies C*'~ regularity away from the obstacle. This result is
originally due to Caffarelli [8,9]. A more recent alternative proof by De Silva [14] has
motivated the techniques used to study the obstacle problems we are considering..

Theorem 3.4. (flat implies C1'1~ for unconstrained Bernoulli [8,9]) Let u solves
(3.1) in By and 0 € 0{u > 0}. For any B € (0,1) there is g > 0 and C > 1
universal so that if
(x-e—e)y <ulx)<(z-e+e); in By
for some e < gg, then for all 0 < r <1 and some |Vu(0)| =1
(z - Vu(0) — Cer'™P) . <wu(zx) < (z- Vu(0) + Cer'™®), in B,.

Next we recall a similar flat implies smooth result on the contact set between the
solution and the obstacle. Consider the contact set of the free boundary with the
obstacle A := 9{u > 0} N 00. Let us denote &' A to be the boundary of A relative
to 00.

Theorem 3.5. (flat implies C12~ at the contact set [13,20]) Let u solves either
(3.3) or (3.2) in By and 0 € &'A, O a CH® obstacle, and e the inward normal to
O at 0. For any 0 < B < min{a, %} there is g > 0 and C > 1 universal so that if

(x-e—e)y <ulx)<(z-e+e); in By
for some € < eq, then for all0 <7 <1
(x-e—Cer'™), <w(z) < (z-e+ Cer'*P), in B,.

In both the obstacle above and obstacle below cases the proof is based on estab-
lishing an asymptotic expansion for flat solutions of the form

u(z) ~ (x-e+ew(x)+o(e))+
where w is a solution of a certain Signorini or thin obstacle problem and ¢ is the
flatness in Bj as in the hypothesis of Theorem 3.5. The C L3 optimal regularity for
the Signorini problem is the reason for the Ccliz- regularity which appears here,
and is likely (almost) optimal. The idea of the argument, which is based on a

compactness principle using a special Harnack inequality for flat solutions, goes
back to the work of De Silva [14].
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It is important for us to obtain a full regularity result without the flatness as-
sumption. Of course some assumption is still necessary, singular solutions exist
in higher dimensions, and fitting with the strongly star-shaped geometry we study
later in the paper we will consider obstacle solutions satisfying a cone monotonicity
condition. For the statement define

(3.8) Cone(e,0) :={e' ¢’ -e>1—0} for ec S and 6 (0,1).

Theorem 3.6. Suppose O is a bounded set with C%® boundary, and that u solves
either (3.8) and (3.5) or (3.2) and (3.4) in By. Assume also that there are e € S941
and 1 > ¢o > 0 so that u is monotone increasing in the directions of the cone
Conel(e, ¢o).

Then for any 0 < 8 < min{c, %} the positivity set {u > 0} is a C? domain in
Bijy and u € CYP({u>0}nN Bis). The CY8 norms depend only on o, k, g, d,
and the CY* norm of 00.

Remark 3.7. Chang-Lara and Savin [13] actually prove optimal Cclz regularity.
This matches the regularity of the thin obstacle / Signorini problem, which appears
as the first order term in the asymptotic expansion for e-flat solutions in the flatness
parameter . Since this optimal regularity requires significantly more work, and it
is not necessary for our purposes here, we will not address that question for the
obstacle from below problem.

We need to establish the initial flatness in order to apply Theorem 3.4 and/or
Theorem 3.5 [13]. This is a bit different in our case from the way that initial flatness
is established in [13] (minimal supersolutions) or [20] (one-sided energy minimizers).

The first difference is in the obstacle from below case. This issue appears in
Lemma 3.8, where we establish the initial flatness of u at points of 8’A based on
the existence of a non-tangential slope. In the case of the obstacle from above (3.3)
the positive set of u lies inside of O which has smooth boundary. This means that
a non-tangential gradient of u at the free boundary point in contact with 0O can
describe the leading-order behavior of u near the point in the entire positive set.
This is no longer true with (3.2), where the positive set contains O. This motivates
the cone monotonicity hypothesis on u in the obstacle from below case.

The other difference is in the obstacle from above case. Unlike [13], who consider
minimal supersolutions and energy minimizers, we are interested to study maximal
subsolutions. Non-degeneracy at the free boundary is not known in general for
maximal subsolutions. However, in the case when the free boundary is a Lipschitz
graph, in particular in the cone monotone case, non-degeneracy does hold for all
viscosity solutions including the maximal subsolution, see Lemma A.2 below. This
motivates the cone monotonicity hypothesis on u in the obstacle from above case.

In both cases the cone monotonicity hypothesis is probably overly strong, how-
ever it suffices for the applications in this paper. The possibility of a more general
regularity result is an open question.

We also remark that Lipschitz regularity is easier than non-degeneracy and just
follows from the viscosity supersolution property (3.5), see Lemma ?? below.

3.5. Initial free boundary flatness. In order to obtain the initial flatness we
will show the blow-up limit at a free boundary point on the contact set A exists
and is a half-planar supersolution of the unconstrained problem (3.1).
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FIGURE 4. Asymptotic expansion in non-tangential cone plus
monotonicity also gives control in {x,, < 0}.

Lemma 3.8. Assume that u is a solution of (3.2) and (3.4) (or (3.3) and (3.5))
in By which is monotone with respect to the directions of a cone Cone(e, cy), then

(3.9) lim %)

r—0 r
with some gradient c(d,x) < [Vu(0)] < 1 (resp. 1 < |[Vu(0)] < C(d,x)). In
particular, for any € > 0 there exists ro > 0 sufficiently small (depending on u) so
that for any r < rg

(3.10) IVul(0) (24 — e7)+ < u(@) < [Val(0)(xa +er)s in B,.

= (Vu(0) - x)4 locally uniformly in RY

Proof. We will just consider the obstacle from below (3.2), the obstacle above case
is in [13, Lemma 2.6]. The idea is that the interior ball condition furnished by the
regular obstacle gives a non-tangential blow-up limit and then the cone monotonic-
ity upgrades this to a local uniform limit on the whole space.

Note that u is harmonic in its positivity set, {u > 0} D O in By and O is a
half-space in B;. Therefore 0 is an inner regular point so there is a slope Vu(0),
parallel to the inward normal e4 to O at 0, such that

u(z) = (Vu(0) - )+ + o(|z]) as * — 0 non-tangentially in O.

See [7, Lemma 11.17] for the proof, which does extend to the case of Holder con-
tinuous coefficients. By non-degeneracy, Lemma A.2, and the Lipschitz estimate,
standard recalled in Lemma ?? below, |Vu(0)| is bounded from below away from
zero, and from above.

Here is where we need the cone monotonicity property. The non-tangential
information, by itself, does not give us any control in By \ O.

From the non-tangential limit, for any € > 0, there is o > 0 such that

u(z) < 2|Vu(0)|ler on {xq=er} N B, forall r < rg.
Since u is monotone increasing in the ey direction also
u(z) < 2|Vu(0)|ler on {xq <er}n B, forall r < r.

See Figure 4.

Thus lim,_, u(:I) = 0 for x4 < 0 and we have upgraded the non-tangential
limit to local uniform convergence of the blow-up sequence (3.9). Then the uniform
stability of viscosity solutions implies that |Vu(0)| < 1.

Using non-degeneracy again we can prove the convergence of the free boundaries

as well (3.10).

O
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If we use Lemma 3.8 as stated then the initial flatness radius ro would depend
on w is a non-universal way. In turn the C*# norm of the solution depends on the
initial flatness, and would also depend on w in a non-universal way. Next we show,
using the flat implies smooth results, that r( is actually universal.

Lemma 3.9. Assume that u is a solution of (3.2) and (3.4) (or (3.3) and (3.5)) in
By which is monotone with respect to the directions of a cone Cone(e, cg). For any
€ > 0 there exists rog > 0 sufficiently small, depending only on €, ¢y, k, d and the
CL property of O, so that for any r < rq there is k < g <1 (resp. 1 <qg<rk™1)
so that

(3.11) q(zg —er)y <ulx) < q(zqg+er)y in By

Proof. We just consider the obstacle from below case, the obstacle from above case
is similar. The proof is by compactness. Suppose otherwise, then there is €9 > 0,
a sequence of wuy solving (3.2) in Bj, a sequence of obstacles O all uniformly
C1@ regular, and a sequence of radii 7, — 0 so that (3.11) fails with r = rj and
€ = €9. By uniform Lipschitz regularity and non-degeneracy we can assume that, on
compact subsets of By, the ug converge uniformly to some u, the {uy > 0} converge
in Hausdorff distance to d{u > 0}, and the Oy and 0Oy, also converge in Hausdorff
distance to another C'* domain O. Standard viscosity solution arguments show
that u solves (3.2) in By. This implies that u is in C*#({u > 0} N By /2) so for any
e > 0 there is 71 > 0 so that (3.11) holds for r < ry. Let €1 > 0 sufficiently small
so that Theorem 3.4 and Theorem 3.5 hold, and then r; > 0 small so that

[Vul(0)(zq — 36171)+ < u(z) < [Vul(0)(zq + 36171)+ in By,
which implies, for k large enough,
[Vul|(0)(xg —e1m1)+ < up(x) < |Vu|(0)(xqg +e17m1)+ in By,

Then, applying either Theorem 3.4 or Theorem 3.5 as the case may be, implies that
forall 0 <r <r

|Vug|(0)(zq — Cerr'P) . < wu(z) < [Vug|(0)(zg + Ceyrt™P), in B,
which contradicts the hypothesis for large k. ]

4. LOCAL LAWS: WEAK SOLUTIONS, REGULARITY, AND COMPARISON PRINCIPLE

In this section we study the relationship of the obstacle solutions (O) and solu-
tions of the local stability condition (1.1) and the dynamic slope condition (1.2),
especially in the star-shaped setting. We establish regularity of obstacle solutions
using the results of Section 3. The central element of a viscosity solutions theory is
always the comparison principle. One of the main results of this section is a com-
parison principle in the star-shaped setting, Proposition 4.19, between an obstacle
solution and an arbitrary viscosity solution of (1.1) and (1.2).

4.1. Definitions and main results. Let F' = F(t) be a strictly positive C'! func-
tion on the time interval [0, T] with a discrete set of critical points, or more precisely,
(4.1) FeCH0,T)) and Z:={t€(0,T): F'(t) =0} is discrete.

In other words, F' only changes monotonicity at most finitely many times on any
bounded interval.
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4.1.1. Slope condition in the comparison sense. The slope conditions are inter-
preted in the comparison / viscosity sense. First we define a notion of sub and
superdifferential which is suited to the problem. See also [3].

Definition 4.1. Given a non-negative continuous function u on U define, for each
xTo € BQ(U) NnU

Diu(zg) = {p €RY:u(z) <p-(x—20) +o(lz — x0|) in Q(u)}
and
D_u(zg) = {p e R 1 u(z) > p- (x — x0) — o(|z — z0|) }
This leads to a viscosity notion of slope conditions.

Definition 4.2. Suppose u : U — [0,00) is continuous and is subharmonic in
Qu)NU. Let G C 9Q2(u) NU be a relatively open subset. Then u is a subsolution
of

Vul>>Q on G

if, for every x € G and every p € D u(z),

> > Q.

Similarly, if w : U — [0,00) is continuous and is superharmonic in Q(u) N U and
G C 9Q(u) NU is a relatively open subset, then w is a supersolution of

Vul> <Q on G
if, for every x € G and every p € D_u(x),

P> < Q.
Finally, let us recall the semicontinuous envelopes u* and u, of a function u :
0,T] xU — R:

(4.2) u*(t,x) := limsup wu(s,y), u(t,x) := liminf wu(s,y),
(s,y)—(t,2) (s,y)—(t,2)

where (s,y) is always assumed to be in [0, 7] x U. Recall that u* is USC and u, is
LSC.

We can now precisely define the meaning of the local stability condition (1.1) in
the viscosity sense.

Definition 4.3. We say that a bounded map u : [0,7] — C(U) is a viscosity
solution of (1.1) on [0,T] x U in the semicontinuous envelope sense if

(a) u(t) satisfies (1.1) for every ¢ € [0,T].
(b) If p € Diu*(tg, wo) for some xg € ON(u*(to)) then |p|* > 1 —pu_.v

Remark 4.4. Note that (1.1) and uniform boundedness imply that w(t) are uni-
formly Lipschitz continuous in compact subsets of U by Lemma A.1. Therefore the
upper and lower envelopes u*(¢) and u, () are continuous in x for each ¢. It is also
standard that u*(¢) and u.(t) are respectively subharmonic and superharmonic in
their positivity sets.
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|z — xo| < c(to — 1) |z — zo| < ety —t)

FIGURE 5. Left: velocity ¢ cone touches Q(t) from the outside
at (tg, zo), interpreted as V,(to,z9) > c¢. Right: velocity ¢ cone
touches Q(t) from the inside at (¢g,x¢), interpreted as V;, (tg, xg) <
—c.

Remark 4.5. Note that if u : [0,7] — C(U) such that u(t) is non-degenerate
uniformly in ¢ then (b) in Definition 4.3 follow from (a). Indeed, say that u*(t) — ¢
has a strict local maximum at xo in Q(u*(¢)). By the uniform nondegeneracy we
can deduce that there exists a sequence ¢, — t and x,, — x¢ such that u(t,) — ¢

has a local maximum at x,, in Q(u(t,)), from which it follows that v*(¢) satisfies
(1.1).

Remark 4.6. A similar argument to Remark 4.5 can be done for u, but non-
degeneracy is not necessary because the test functions touch from below in R¢
instead of in Q(u(t)). So (a) actually directly implies the supersolution analogue
to (b): if p € D_u.(tg, xo) for some xg € ON(u4(to)), then |p|?> <1+ p.

4.1.2. Dynamic slope condition in the comparison sense. In order to formulate
the dynamic slope condition (1.2) we need a weak pointwise sense of positive and
negative normal velocity. We will use a notion based on space-time “light cones” in
place of standard barrier functions, see Figure 5 for a sketch of the geometry. This
notion of viscosity solutions is stronger than the usual comparison definition of level
set velocity, since we test more free boundary points that have weaker space-time
regularity. Nonetheless, this stronger notion of normal velocity fits well with other
notion of solutions that we use.Vv

Definition 4.7. Given a time varying family of domains (t), we say that the
outward normal velocity at xo € 0Q(to) is positive and write

V(to,zo) >0

if the positive cone condition holds for some ¢ > 0 and rg > 0, namely

(4.3) {z: |z —x0] <c(to—1t)} C Q(t)c for tg—ro <t <tp.

Similarly, we say that inward normal velocity at xo € 0Q(to) is negative and write
V(to,zo) <0

if the negative cone condition

(4.4) {z: |z —xo| <clto—t)} CTQt) for tog—rog <t <ty

holds. If we need to clearly specify the domain we write V(-; ).

Equipped with the notions of nonzero normal velocity and subdifferentials we
can now precisely define the meaning of the dynamic slope condition (1.2) in the
viscosity solution sense:

Definition 4.8. We say that u : [0,7] — C(U) is a viscosity solution of (1.2) on
[0,T] x U in the semicontinuous envelope sense if

TODO: Clarify this
and explain more on
why we choose this
cone notion and the
sub/superdifferentials
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(a) IV (tg, z0; Qu*)) > 0 for some xg € I (u*(tg))NU, then any p € Dyu*(to, zo)
satisfies [p|? > 1+ u.

(b) IV (to,xo; 2(us)) < 0 for some xg € O (u(to))NU, then any p € D_u.(to, o)
satisfies [p|> <1 —p_. in U x (0,7].

4.1.3. Star-shaped comparison principle / equivalence of solution notions. We will
show the equivalence of the notions in a strongly star-shaped setting.

Definition 4.9. In the following we say that a set is strongly star-shaped if it
is star-shaped with respect to all x in a neighborhood of the origin. A function
u: U D R? — R is strongly star-shaped if each of its superlevel sets {u > n} U Ut
are strongly star-shaped.

The important property is that a strongly star-shaped set has a Lipschitz bound-
ary. This can be seen by drawing the interior and exterior cones created by drawing
the rays from every star-shaped center though a point on the boundary, see for ex-
ample [17, Figure 2].

The main result of this section is the following theorem that asserts that in the
strongly star-shaped setting the obstacle solutions are uniquely characterized by
the local stability and dynamic slope conditions.

Theorem 4.10. If R\ U and Qg are both bounded strongly star-shaped sets, Qg
is a CY domain for some a > 0, F satisfies (4.1) and u(0) € C(U) satisfies (1.1),
then

u is an obstacle solution < u is a viscosity solution of (1.1) and (1.2),

in the sense of Definition 4.3 and Definition 4.8. Furthermore Q(u(t)) are C*#
domains uniformly in t € [0,T] for some > 0.

Proof. The fact that an obstacle solution is also a solution of (1.1) and (1.2) is
shown in Lemma 4.13. Then we deduce the regularity in both space and time of
obstacle solutions (Lemma 4.15, Corollary 4.18). Finally showing that (1.1) and
(1.2) implies an obstacle solution follows a comparison-type viscosity argument
using sup- and inf-convolutions between a regular solution and a general solution
of (1.1) and (1.2) in Proposition 4.19. O

4.2. Obstacle solutions are motion law solutions. Here we show that, in a
general setting without star-shaped assumption, obstacle solutions are also viscosity
solutions of the local stability condition (1.1) and the dynamic slope condition (1.2).
To achieve that, we first precisely state that an obstacle solution has the same
monotonicity in time as F' and is a viscosity solution of a specific obstacle Bernoulli
problem at each time.
Lemma 4.11. The obstacle solution (O) for any (s,t) C (0,T)\ Z satisfies
(a) If F is monotone increasing on [s,t] then u(t) solves in the viscosity sense
Au(): mQ(())ﬂU
u(t) > in Q(u(s)) N
[Vu(t)]* <1+ py  on (0Q(ul(t ))039( (s))nU
) (

Ol
IVu®)* =1+ pr on (992(u(t)) \ Qu(s) NU

(4.5a)
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(b) If F is monotone decreasing on [s,t] then u(t) solves in the viscosity sense
Au(t) =0 in Qu(t))NU
u(t) =0 in U\ Q(u(s))
IVu(t)]? >1—p_ on (0Q(u(t)) NoQu(s))) NU,
IVu(t)? =1—pu_  on (0Qu(t)) NQu(s))) NT.

Under the strong star-shapedness assumption of Theorem 4.10, any function that
satisfies the above, u(t) = F(t), and whose initial data w(0) is a solution of (1.1),
is the unique obstacle solution with initial data u(0).

(4.5b)

Proof. An obstacle solution satisfies (4.5) due to a standard viscosity solution ar-
gument and does not require star-shapedness.

The fact that any function satisfying (4.5) is the unique obstacle solution follows
from the uniqueness of the obstacle Bernoulli problem in the strongly star-shaped
case: an obstacle solution always exists and by the previous step, satisfies (4.5),
and hence by Theorem A.6 it is the unique solution satisfying (4.5). g

Remark 4.12. Let us point out that, while most of the analysis in this section
regards star-shaped initial data, for general initial data we still have a unique
obstacle solution by its definition, and this solution also satisfies (4.5) by the lemma
above. However, we do not know whether a solution of (4.5) is also a solution of
(1.1) and (1.2), or vice versa, for general initial data. However formally both (1.2)
and (4.5) come with the same dynamic slope condition at space-time regular points
of the free boundary.

Lemma 4.13. If u : [0,7] — C(U) is an obstacle solution (O) on [0,T] that is
uniformly non-degenerate at its free boundary, then u solves (1.1) and (1.2) in the
sense of Definition 4.3 and Definition 4.8, respectively.

Proof. The state u(t) is harmonic in Q(u(t)) by definition. By Remark 4.4 «* and
uy are respectively sub and superharmonic in their positivity sets.

Now we aim to check the stability conditions in Definition 4.3(a). We first check
the lower bound condition |Vu(t)]? > 1 — u_ in the viscosity sense on 9Q(t) N U
by induction on the monotonicity intervals of F' provided by assumption (4.1). We
know that the condition is satisfied at ¢ = 0 by the compatibility of the initial data.
Suppose now that we know that w satisfies this condition up to s € Z U {0} and
consider t > s such that (s,t) N Z = 0.

o If F' is decreasing on [s,t] then the lower bound on |Vu(t)
(4.5b) immediately.

e Otherwise F is increasing on [s,t]. In this case u(t) are minimal supersolu-
tions above u(s) for ty € (s,t] and so, by Lemma A.2, they are uniformly
non-degenerate. On (9Q(t) \ Q2(s)) NU we get the same bound from (4.5a)
since |Vu(t)]? = 1+ puy > 1 — p_. Finally, on (9(t) N 9Q(s)) N U, as
u(t) > u(s), any test function touching w(t) from above in {u(t) > 0} at
x € (002(t)NoQ(s))NU also touches u(s) and hence Dy u(t, ) C Dyu(s, ).
Hence u(t) is a solution |Vu(t)|? > 1 — u_ at z in the viscosity sense since
u(s) is by the induction hypothesis.

|2 follows from

By induction we can therefore extend the property to all ¢ € [0,7] since Z is
discrete. An analogous argument gives |Vu(t)[? < 1+ ..
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By the assumption of uniform non-degeneracy, Remark 4.5 yields Definition
4.3(b). We note that the assumption is actually needed only when F' is decreasing.
When F is increasing, u(t) is a minimal supersolution above u(s) and hence non-
degenerate by Lemma A.2.

We now check the remaining dynamic slope conditions. First consider monotone
increasing interval [s, t] of F' and we aim to check the advancing condition Definition
4.8(a). Suppose the positive cone condition (4.3) holds for xg € 9Q(u*(tg)) NU for
some s < ty < t. By the positive cone condition and monotonicity there is a

neighborhood B, (z¢) C Q(u(s))c7 and thus we have |Vu|?> > 1+ uy on 9Q(u)
in (s,t] x Br(x9) by (4.5a). If tg = ¢ then u*(t) = wu(t) because u(t) is a local
maximum by increasing monotonicity to the left and decreasing monotonicity to the
right, so we can reduce to ty € (s,t). Then, by uniform non-degeneracy of minimal
supersolutions Lemma A.2 and Remark 4.5, we can conclude that |[Vu*|? > 14 puy
on O0Q(u*) in (s,t) X By(zg), in particular it also holds at (¢g, o).

Next we check that the receding condition Definition 4.8(b) holds for monotone
decreasing interval [s,t] of F. The argument is mostly the same with a subtle
difference which we need to point out. Suppose the negative cone condition (4.4)
holds for g € 0Q(u.(to))NU for some s < tg < t. As before there is a neighborhood
B.(z0) C Q(u(s)), and thus we have |[Vu|? < 1 — pu_ on 9Q(u) in (s,t] x B,(z0)
by (4.5b). If ¢g = ¢ then wu.(t) = u(t) so we reduce to the case ¢ty € (s,t). Then
by Remark 4.6, we can conclude that |[Vu.| < 1— p_ on 0Q(u*) in (s,t] X Br(x0),
in particular it also holds at (tp,2g). Notice that we do not need uniform non-
degeneracy, which is not known in general for maximal subsolutions, because we
are testing a supersolution condition. (I

4.3. Spatial regularity. We start with star-shapedness of obstacle solutions.

Lemma 4.14. Suppose that u is an obstacle solution (O), K = R4\ U and Qo =
{up > 0} are strongly star-shaped, and F satisfies (4.1). Then u(t) is strongly
star-shaped for every t > 0 with respect to the same set of centers as K and €.

Proof. We show the star-shapedness only with respect to the origin assuming that
K and () are star-shaped with respect to the origin. The proof with respect to
other centers can be done analogously by translation.

We will use induction on the monotonicity intervals of F'. Suppose that ¢ > 0
with (0,¢) N Z # (. Consider the case F(t) > F(0). First note that for A < 1

{min (u(t,  z),F(0)) z€A'U,

v@) =1 po) ze U\,

is a supersolution of (1.1). Since {u(0) > 0} is star-shaped and {u(t) > 0} D
{u(0) > 0} also

A~ Hu(t) > 0} > {u(0) > 0}
Thus v is a supersolution of (1.1) above u(0) and so

u(t, A) > u(t) in ATU
by the minimality of u(t) in the definition of (O). Since A > 0 was arbitrary, u(t)
is star-shaped (as are all of its super-level sets) with respect to 0.

In the case F'(t) < F(0) we consider the dilation with A > 1 and easily check that

u(t, A) < wu(0) in U and u(t, A-) is a subsolution of (1.1) and hence u(t, \-) < u(t)
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in U by the maximality of u(¢) in the definition of (O). In particular, u(t) is star-
shaped with respect to 0.

By translation we have star-shapedness at any point at which K and {uo > 0}
are star-shaped. Finally by induction on the monotonicity intervals of F', we can
continue the star-shapedness property up to any t > 0. O

An obstacle solution is a solution of the Bernoulli obstacle problem on each
monotonicity interval of F', where the obstacle is the solution at the beginning of
the interval. This allows us to use the regularity of the obstacle problem, Section
3, only a finite number of times to establish the regularity of obstacle solutions at
an arbitrary time.

Lemma 4.15. Suppose that u is an obstacle solution (O) with F satisfying (4.1),
K =R\ U has C? boundary, Qo has a CY boundary, and both K and Qg are
strongly star-shaped. Then for any 0 < 8 < min{c, %} the domains {u(t) > 0} are
CY8 and u(t) € CYP({u(t) > 0} NU) uniformly in t € [0,T].

Proof. Due to the regularity of K = RY\ U the function u(t) is in C?({u(t) >
0} NOU). We need to show the regularity at the free boundary of u(t).

By Lemma 4.14 the sets {u(t) > 0} are uniformly strongly star-shaped, and
therefore they are uniformly Lipschitz in [0, T]. Let ¢ > 0 be such that (0,¢)NZ = ().
Therefore by the regularity of the Bernoulli obstacle problem Theorem 3.6 with C1:*
obstacle {ug > 0} and any 0 < 8y < min{a, 3} the domain {u(t) > 0} is C1% and
u(t) € CYPo({u(t) >0} NU).

Consider now t > 0 such that (0,¢) N Z = {s1}. By the previous step {u(s1) >
0} € C%Po. Applying the regularity of the Bernoulli obstacle problem with oo = 3o
for any 0 < B; < 3y we find that u(t) has regularity C1-#.

We can continue inductively on the monotonicity intervals of F' up to ¢t =T, just
taking a strictly decreasing sequence of min{a, 1} > By > 81 > ... > Bro1)nz =

B.

4.4. Time regularity. The regularity in space Lemma 4.15 of a star-shaped ob-
stacle solution yields in particular that wu(¢) is Lipschitz locally uniformly in time.
This in particular implies (with the nondegeneracy of the solutions of the Bernoulli
problem) that its support moves in a Lipschitz way as well.

Lemma 4.16. Suppose that u is an obstacle solution (O), K = R\ U has C?
boundary, and K and Qo = {ug > 0} are strongly star-shaped and bounded, and uy
satisfies (1.1). Then

(4.6) lu(t,z) —u(s,z)| < C||F ||t — 8| in U

where C = C(L, R, min F') with L the Lipschitz constant of u in space and R =
maxzeKuQ | |-

Proof. Step 1. By the minimality of u(t), including «(0) by (1.1),
ut.r) < (FO+ (1 +p)(R-la) . tel0.Tlecl,
since the right-hand side is a supersolution. Therefore

F(t)

+ R.
T4y

(4.7 zeQt) = |z <
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Step 2. Fix (s,t) CR\ Z with F(s) < F(t). Let A := F(s)/F(t) < 1. Define

A lu(s,A\z), € AU
v(x) = .

F(t), otherwise.
By the choice of A, v is continuous and hence a supersolution on U with boundary
data F'(t). By minimality, u(t) < v.

Fix Az € Q(s)NU. (4.7) implies |z| < A’l(li(il +R). Recall also that u(s, Az) <
F(s). We have
v(x) = X tu(s, A\x) = u(s, Ax) + (A1 = 1)u(s, \r)
< u(s,z) +[[Vu(s)|loo (1 = Az + (AT = 1)F(s)
F(s)

T+ py

<au(s,r)+ (A1 -1) <L( +R) + F(s)> .

Since u; < v we conclude that

0 <u(t,z)—u(s,x) < ( L i )(F(t)—F(s))

— b1+
L+ py F(s)

For € U\ A™'U we note that dist(z,0U) < (A\™! — 1)R = &< (F(t) — F(s))
and therefore

0 <u(t,z) —u(s,z) < F(t) — F(s) + || Vu(s)||oo dist(z, 9U)

< (1475 ) (PO - Fo).

Step 8. If (s,t) C R\ Z with F(s) > F(t), we have A = F(s)/F(t) > 1 and
v < F(t). Hence v is a subsolution and therefore by maximality u(t) > v. We only
need to consider z € Q(s) NU. This time

v(x) = X tu(s, A\x) = u(s, \x) + (A1 = 1)u(s, \r)
> u(s,x) = [Vu(s)llo (A = D]a] = (1 = ATHF(s)

< uls,z) — <L(11:_(Z)+ + R> W — F(t) + F(s).

Hence by u(t) > v

F(s) R
0> u(t,z) —u(s,x) ZL(—I—I—i—) (F(s) — F(t)).
( (EREORERNI0 )
For general (s,t), we recover the estimate (4.6) by triangle inequality. O

Using the nondegeneracy of cone monotone solutions of the Bernoulli problem,
Lemma A.2, we can deduce Lipschitz regularity of Q(u(t)) in time.

Corollary 4.17. Under the assumptions of Lemma 4.16, the sets Q(u(t)) are locally
Lipschitz in time with respect to the Hausdorff distance.

Proof. Let us fix s # t. Let z € 9Q(u(t)) be the point that maximizes the distance
from 9Q(u(s)). Let us denote r := dist(z, 0Q(u(s))).

Suppose that z ¢ Q(u(s)). We have B,.(z) N Q(u(s)) = 0 and hence u;, = 0 on
B, (z). On the other hand, the free boundary is locally a Lipschitz graph and so
the non-degeneracy (note that u(t) satisfies (1.1) by Lemma 4.13) for the Bernoulli
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problem in this setting Lemma A.2 yields supp, (,yu(t) > cor. By the Lipschitz
continuity of u in time, we deduce
cor < sup u(t) < L|t — s|,
B, (=)
where L is the Lipschitz constant in (4.6). In particular, r < %\t — 3.

If z € Q(u(s)) then B,(z) C Q(u(s)). Using the non-degeneracy, Harnack in-
equality and the Lipschitz regularity, we have

CHCOf < Cgx sup u(s) <uls,z) <L|t—s|,
2 By/a(2)

which yields r < 2L |t — s|. O

Finally we mention that the time regularity and space regularity can be inter-
polated to get time regularity of Vu.

Corollary 4.18. Under the assumptions of Lemma 4.15 for any 0 < 8 < min{c, %}
B
uwe CP'C, NLFCL? so by interpolation u e CFP CL
2_
In particular, if « > § then Vu € C#~ C2.

Proof. Since Vu(t) are in C”?(Q(u(t))) uniformly in ¢ we can use the uniform con-
vergence of the difference quotients and the Lipschitz continuity in time of w(t)
from Lemma 4.16
1 1
(Vu(t,z) — Vu(s,z)) e = E(u(t7 x + he) —u(t,x)) + E(u(s, x4 he) —u(s, ) + O(h?)
= O(h™ Yt — s]) + O(R?).

choose h = |t — s|ﬁ to match the orders of the two terms. (]

4.5. Comparison principle in star-shaped setting. Now we state a compari-
son principle that closes our discussion of the characterization of obstacle solutions
using the local stability and dynamic slope conditions. We will utilize this com-
parison principle later on in Section 5, when we discuss a specific energy solution
generated by minimizing movements.

Proposition 4.19. Suppose that w and u are respectively a viscosity subsolution
and a LSC viscosity supersolution (or a supersolution and an USC subsolution) of
(1.1) and (1.2) in [0,T] with strongly star-shaped initial data, with the ordering
w(0) < u(0) (or w(0) > u(0)). Further suppose that w satisfies the following:

(a) {w(t) > 0} is bounded and strongly star-shaped at each time, its boundary is
uniformly CY< in space and Lipschitz in time, and w(t) is C in Q(w(t)),
and Vw(t) is continuous in time on Uyepo ) Qw(t)).

(b) There exists a finite partition {t;}:=5 of [0,T] such that w is monotone in
[ti, tit1]-

Then w < u (orw > u).

Let us mention that an obstacle solution with star-shaped initial data satisfies (a)
in Proposition 4.19 due to Lemma 4.15 and Lemma 4.16 and (b) due to Remark ?7?.
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It is also a viscosity solution of (1.1) and (1.2) by Lemma 4.13. The uniform non-
degeneracy follows from the boundary regularity and Lemma A.2(i). Thus, from
the comparison principle Proposition 4.19, we can derive the uniqueness:

Corollary 4.20. Any viscosity solution of (1.1) and (1.2) with a strongly star-
shaped initial data u(0) that is continuous at t = 0 in the sense that u.(0) = u(0) =
u*(0), and boundary data satisfying (4.1) is the unique star-shaped obstacle solution
with the same initial data and boundary data.

Let us now turn to the proof of Proposition 4.19. As is typical with viscosity
solutions, one of the main difficulties in the comparison principle of weak solutions is
the lack of regularity. We follow a typical approach based on sup / inf convolutions
in order to regularize at the point where the first touching occurs. The novel
difficulty has to do with the weak notion of positive velocity and the difficulties
stemming from crossings which occur with zero velocity. We can use sup / inf
convolutions with decreasing radius to accelerate the free boundary velocity, but a
delicate argument relying on the regularity of one of the solutions is still needed to
actually guarantee that the first touching point has a positive velocity.

Proof of Proposition 4.19. Let us assume that w is a viscosity subsolution of (1.1)
and (1.2) with regularity properties in assumptions (a) and (b), and u is a LSC
supersolution. We will show that

w(t, A) <wu(t,) fort >0and X > 1,

which yields w < w in the limit A N\, 1. The proof for the other half of the statement
is parallel, arguing the opposite inequality with A < 1.

Fix A > 1. Define

Wi(t,z) = sup w(t,\y).
YyEB (1) ()

Here p(t) = poe™t, and pg is chosen proportional to (A — 1) so that W (0) < u(0)
in {W(0) > 0}, which is possible by strong star-shapedness. The main motivation
for the sup-convolution is the effective reduction of the normal velocity of W by
p'(t) < 0 compared to w. Hence if W and w touch each other, either the normal
velocity of u is negative or w has positive normal velocity near the contact, and
therefore the dynamic slope condition can be used in either situation to arrive at a
contradiction. Recall that W is subharmonic in its positive set.

We would like to show that W(t) < u(t) in {W(t) > 0} for all ¢ > 0. Define the
first contact time

to =1inf {t > 0: W(t) £ u(t) in {W(t) > 0}}.
Clearly to > 0 by lower semi-continuity of w in time. If ¢y is finite, we want to get
a contradiction. The only non-standard part here lies in the fact that the support
of v may jump in time, so let us discuss this point carefully. Since we assume
that W is star-shaped, W and its support continuously decrease as A increases.
The support of {W(to) > 0} indeed can be made arbitrarily close to B ,)(0), in

particular a subset of the fixed boundary UC for u, if \ is sufficiently large. Thus if
{W (-, tg) >0} & {u(-,to) > 0} due to discontinuity in time in u at ¢y, we increase A
in the definition of W until {W (o) > 0} precisely touches {u(t¢) > 0} from inside,
so that there exists a point zo € O{W (to) > 0} N O{u(ty) > 0}. We point out that
po does not need to be changed even if we need to increase A. Note that W < u for
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t < to for this larger choice of A due to the definition of to and W (tg) — u(to) being
subharmonic in {W(ty) > 0}. In particular u(tg) — W (to) has a minimum at xg.

By the definition of W there is a point yo € d{w(to, ") > 0} with yo € B, (o),
and

W (to,z) > w(to, Az — x0 + yo)) =: ¢(x).

As u(tyg) — ¢ has a minimum at zg, we deduce that

(4.8) AVw(to, Ayo) = V(o) € D_u(xo)
and so
(4.9) N |Vw(to, Ayo)|” <1+ py.

By our assumption (b), we know that w is either monotone increasing or de-
creasing in a closed time interval [t_1,%o] with t_; < tg. If w is monotone de-
creasing in [t_1, to], then W has strictly decreasing support in [t_1,to], namely for
¢ = —p'(to) > 0 we have

Be(tg—ty(wo) C{W(t) > 0} C {u(t) > 0} for t_y <t < to.

vIn particular the negative cone condition (4.4) is satisfied for u at (o, o), and so
as u is a supersolution of (1.2) we conclude by (4.8) that A?|Vw|?(to, A\yo) < 1—p_.
However as w is itself a subsolution of (1.1), which yields A?|Vw|?(to, Ayo) > A%(1—
p—), a contradiction.

Now suppose w is monotone increasing in [t_1,%o]. It is possible that in this case
u still satisfies the negative cone condition (4.4) for some ¢ < 0 and ¢ > 0, in which
case one can still proceed as in the above case. So now suppose that (4.4) is not
true for ¢ := —% p'(tg) > 0 and any ¢ > 0. This means that along an increasing
time sequence t,, converging to tg, there is x, such that

Ty € {u(tn) = 0} N Beggy—t,,) (o).

Now we consider what this means in terms of w. Recall yy above and consider
y such that |y — yo| < 2¢(to — t5,). Then

ly — zal < |y = yol + [yo — 20| + [0 — zn|
< 2¢(to — tn) + p(to) + c(to — tn)
= p(to) — p'(to)(to — tn)
< p(tn),

where the last inequality is by convexity of p(t). Thus, by definition of W, w(t,,, Ay) <
W (tn,xn) < u(tn,x,) = 0. Namely Bogso—t,)(40) C {w(tn, A-) = 0}. See the left
image in Figure 6.V

Now let

Tn = Sllp{S € [tn7t0) : Bc(to—s)(y()) C {’U)(S, )‘) = 0}}
See the right image in Figure 6. Since {w(¢) = 0} evolves continuously in time
by assumption (a), we have 7,, > t,, and if 7, < o then there is a contact point
Yn € O{w(m,) > 0} NOBc(ty—r,)(yo). If the order is preserved up to ¢t = t, i.e.
Tn = to, then we set y, = yo. From the definition of (y,,7,) we see that positive
cone condition (4.3) holds for w(-,\-) at (7,,y,) and therefore for w at (t,, Ayn)
with Ac. ¥ Since w is a subsolution of (1.2) we have |Vw|?(tn, Ayn) > 1+ py.

Please double check
the rest of the para-
graph

I have to admit that
I don’t find Fig-
ure 6(left) very help-
ful. Maybe it’s out-
dated?

Please double check
the following sen-
tence
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\ | AW >0}
\\“-\—~‘Z’/{w>\>0}

FIGURE 6. Left: spatial picture of the sup convolution balls at
time ty and t, overlayed, patterned ball is in the zero level set of
wy at time ¢,,. Right: space-time picture displaying the definition
of (Tnv yn)

Since (7, Yn) — (to,Yo), by the gradient continuity in assumption (a), we deduce
N Vw|?(to, Adyo) = lim A2 |Vw|* (7o, Adyn) > A2(1 + p).
n—roo

But this contradicts (4.9). Hence we conclude. O

5. COMPARISON PROPERTIES OF THE MINIMIZING MOVEMENTS SCHEME

In this section we discuss the comparison properties of the minimizing movement
scheme (1.8) and its § — 0 limit. In particular, we will show that the approximate
solutions generated by this scheme will also satisfy the dynamic slope condition
(1.2) in the viscosity sense. Since the local stability condition (1.1) is shown in
[18], in the star-shaped case we will be able to apply the comparison principle
Proposition 4.19 proved in Section 4 to show convergence to the unique obstacle
solution (O), see Theorem 5.4. As a corollary we obtain that the obstacle solution
(O) is an energy solution.

These results will complete the proof of our main theorem in the introduction,
Theorem 1.4.

Remark 5.1. The very recent result of Ferreri and Velichkov [20] implies that
C1# regularity is propagated in the discrete scheme (1.9). However, at least with
a naive application of their result, the constants would blow up as § — 0 since the
regularity theorem needs to be applied O(%) times in order to get to a nontrivial
positive ¢ in the limit. In the star-shaped case we go around this difficulty due to
the equivalence with the obstacle solution (O) evolution. This equivalence allows
us to apply the regularity theorem only finitely many times, at each monotonicity
change, as in Lemma 4.15.
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Lemma 5.2. The approzimate solution us generated by the scheme (1.9) are vis-
cosity solutions of the local stability (1.1) and dynamic slope (1.2) conditions on
[0,T] in the sense of Definition 4.3 and Definition 4.8.

Proof. The local stability condition (1.1) in the sense of Definition 4.3 sense follows
from [18, Lemma ??, Lemma ??]. In particular, Definition 4.3(b) follows from
Remark 4.5 and the uniform nondegeneracy of energy minimizers.

For (1.2), we only check the subsolution condition since the supersolution case
is symmetrical.

Suppose that Q(u}(t)) has positive normal velocity V,,(to,zo) > 0 at some point
xo € 0Q(u}(to)) in the sense of Definition 4.7, i.e.

{21 |o— 20| < clt —to)} € QuEE)® for tg—rg <t <t

Since us is constant on open intervals of the form (kd, (k + 1)d) this implies that
to = k¢ for an integer k, that u}(to) = u§, and that uj(t) = ulgfl fortg—0 <t < ty.

Since u’g is a minimizer of

EWrE v) = T (v) + Diss(uf ™", v) over v e F(kd) + H}(U)

and we have just established that zq € R?\ Q(ulg*l) we can apply [18, Lemma ?7,
Lemma ??] to conclude that

|Vu(to, 20)|> > 1 + puy in the viscosity sense.
(I

Remark 5.3. The us(t) are also viscosity solutions of (1.2) in the “standard” sense
of touching from above and below by C! test functions in space-time. This notion,
unlike the notion in Definition 4.8 which defines positive velocity based on cones,
behaves well with respect to the limit § — 0. One can apply the standard method
of upper and lower half-relaxed limits, of Barles and Perthame [4], to show that w*
and u, are respectively sub and supersolutions of (1.2) in the standard viscosity
sense.

We should remark that the upper and lower-half relaxed limits u* and u, are not
necessarily the same as the upper and lower semicontinuous envelopes u*(t) and
ux(t) of the pointwise limit u(t) of an energy solution constructed in [18]Theorem
?7?. It would be interesting to know whether the pointwise in time (subsequential)
limits u(¢) are also viscosity solutions of (1.2) in general either in the standard sense
or in the cone sense of Definition 4.8. Below in Theorem 5.4 we will show that it is
so in the star-shaped case.

Now we can apply the previous viscosity solution property in combination with
the comparison theorem in Section 4 to show that, in the star-shaped case, the limit
of the minimizing movements scheme is the same as the unique obstacle solution.
The convergence is in fact quantitative.

Theorem 5.4. Suppose that Qg is a C*% strongly star-shaped region, K = R4\ U is
compact and strongly star-shaped, F is positive Lipschitz continuous, and F' changes
monotonicity at most finitely many times on [0,T]. Call v the obstacle solution (O)
and ugs to be a solution of the time incremental scheme (1.9) on [0,T] x U. Then
for any t € [0,T]

lus(t) = v(®)]l =) < Clpa, d)(exp(|(10g F||ac6) = | Flloc — 0 as & 0.
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Thus the obstacle solution (O) is the unique minimizing movements solution of the
energetic evolution ([18, Definition ??]), in particular any minimizing movements
solution, [18, Definition ??], s also a viscosity solution of (1.1) and (1.2).

VLet us clarify the conclusions of this statement, since several threads of the
paper have suddenly come together. We have shown the following;:
e In the star-shaped setting the obstacle solution (O) is an energy solution.
e In the star-shaped setting there is only one minimizing movements energy
solution (Definition ??) and it is also a motion-law viscosity solution (M).
e In the star-shaped setting all solutions of the discrete scheme converge
uniformly to the obstacle solution (O) with quantitative rate.

Proof. We prove the convergence by comparison principle Proposition 4.19 with
w = v the obstacle solution which, by Corollary 4.18, is in C{"' L N L*CLP on
[0,T] x U.

Let M(6) = sup; supy,co,5) F'(t — h)/F(t), note that M(5) < exp(||(log F)’[|sc9)-
Then

ws(t,z) == M(8)v(t, M(6) tx)

is a COML2° N Li°CLP supersolution of (1.1) and (1.2) on [0, 7] with star-shaped
level sets and so the comparison principle Proposition 4.19 implies that us < ¢s on
[0, k] x U. Note that we have chosen M (§) > 1 so that for z € K also M(§) "tz € K
since K star-shaped and

polt, ) = M((t MG) ™) = MOP(W) 2 sup F(t=1) > Fl0)

By uniform Lipschitz regularity of v(t)
us(t, z) < ps(t, x)

< M(8)u(t,z) + M(8)||Vo(t) o (M(8) ™ — 1) b

<o(t,z) + C(M(0) = 1| Fl|oo-

Note that Q(v(t)) C Ber)(0) by uniform non-degeneracy of v(t) and the upper
bound v(t) < F(t).

This proves the upper bound. The lower bound is similar comparing with an
inward dilation of size m(d) = infy infy, (o 5 F'(t — h)/F(t) instead.

Furthermore, applying [18, Theorem ?7?], we also know that, along a subsequence,
us(t) — u(t) pointwise in time and uniformly in space and u is an energy solution.
By uniqueness of pointwise limits u = v and so the obstacle solution is an energy
solution. (]

APPENDIX A. TECHNICAL RESULTS

A.1. Lipschitz and non-degeneracy. First we record the Lipschitz continuity
of supersolutions of the one-phase problem. See [7, Lemma 11.19] for a proof.

Lemma A.1 (Lipschitz estimate). There is C(d) > 1 so that for any viscosity
solution u of
Au=0 in Qu)NBy and |Vul> <Q on 9Q(u)N By

we have

IVull e,y < C(VQ + | VullL2(B,))-
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Non-degeneracy of Bernoulli problem solutions is much more delicate than Lip-
schitz continuity, it typically needs a stronger condition than just the viscosity
solution property. Here we give several cases where it is known.

Lemma A.2. Let u € C(Bs) satisfy one of the following:
(i) 0{u > 0} is an L-Lipschitz graph in Bz and u solves
Au=0 in {u>0}NDBy, and |[Vu|>1on d{u>0}N Ba.
(ii) w is an inward minimizer of J in Bs.
(#ii) Suppose that u is a minimal supersolution in Ba
Au=0 in {u>0}NBy, and |Vu| <1 on O{u>0}N Bs.
(iv) d =2 and u is a mazimal subsolution in By of
Au=0 in {u>0}NDBs, and |Vu|>1 on 9{u>0}NBs.
Then there is ¢ depending on d (and on L if in the first case) such that

sup u(z) > cor  for allx € 0{u > 0} N By, B,(x) C Ba.

B, (x)
Proof. For part (i) see [14, Lemma 6.1], for part (ii) see [29, Lemma 4.4], for part
(iii) see [7, Lemma 6.9], and for (iv) see [27]. O

A.2. Discussion of viscosity solution notions. In Section 4 we defined the spa-
tial slope conditions in terms of the sub and superdifferential notions in Definition
4.2. These appear a bit different from the classical sub and supersolution notions:

Definition A.3. Suppose u: U — [0,00) is continuous and is subharmonic (resp.
superharmonic) in Q(u)NU. Let G C 9Q2(u) NU be a relatively open subset. Then
u is a subsolution (resp. supersolution) of

|Vu|> > Q (resp. |Vu|>?< Q) onG

if, whenever ¢ is a smooth test function such that ¢ touches u from above (resp.
¢ touches u from below) at x € G with Ap(z) < 0 (resp. Ap(z) > 0),

Vo(@)]?>Q  (resp. [Vo(z)* < Q).
There is an equivalence between these notions.

Lemma A.4. Suppose that u : U — [0,00) is continuous and subharmonic (resp.
superharmonic) in Q(u) NU and let G be a relatively open subset of 0Q(u) NU.
Then wu is a viscosity subsolution (resp. supersolution) in the sense of Definition
4.2 on G if and only if it is a viscosity subsolution (resp. supersolution) in the
sense of Definition A.3 on G.

We provide a proof sketch in the appendix for convenience, see Section A.2.

Remark A.5. Note that this equivalence requires both solution properties to hold
everywhere. If ¢ touches u from above at zy € 0Q(u) NU then Vp(zg) € Diu(xo).
However the reverse is not true, if p € Diu(xg) it does not necessarily guarantee
that u can be touched from above by a smooth test function at the same point with
V(xo) =~ p, rather one can find a nearby point where the touching occurs.

In [18, Section ?7?] this distinction is important since we only prove a sub/superdifferential
notion H?!-almost everywhere.
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Proof of Lemma A.4. We just do the subsolution equivalence, the supersolution
one is similar. Suppose u is a subsolution in the superdifferential sense Definition
4.2. Suppose ¢ is a smooth test function with ¢ touching u from above at z¢ € G.
Then

u(z) < [Ve(xo) - (# = wo)l4 + o[z — xol) s0 Vip(zo) € Dyulxo)

and so
Vi (zo)* > Q.
Next suppose that u is a subsolution in the touching test function sense Definition

A3, and p € Diu(xp) for some 2y € G. Without loss assume that p = aey. Let
9,7 > 0 and define

o(x) == (14 80)a(z — x¢) - eg + c(d)or ™ (|(z — z0)'|* — da?).

This function is a superharmonic polynomial and using the superdifferential condi-
tion aeq € Dyu(zo) one can show that for all § > 0 there is r > 0 so that © < ¢ on
0C N {u > 0} where C is a small open cylindrical neighborhood of zy with radius
~ ro. Making the radius smaller if necessary we can assume that 0Q(u) NC C G.

Then, since p(xg) = u(xp) we can shift ¢ vertically p(z) + s until (p(z) + $)+
touches u from above at some z; € C. Since ¢ is strictly superharmonic the
touching must be on z; € 9Q(u) N C C G. Thus finally the viscosity solution
condition implies that

Q < [Vp(a1)* < a+o5(1).
Sending § — 0 finishes the argument. O

A.3. Uniqueness of the Bernoulli problem solution in the complement of
a star-shaped set. In the star-shaped case we have the following uniqueness result
for a Bernoulli problem with an obstacle. The result without obstacle for classical
solutions in dimension two was proved in [28] based on an existence theorem by
Beurling [5] (more easily found reprinted here [6]). Here we give a proof for viscosity
solutions of the obstacle problem for convenience.

Theorem A.6. Suppose that U is a domain such that K = R?\ U is strongly
star-shaped with respect to a neighborhood of the origin, and that O is a strongly

star-shaped set with respect to the same neighborhood. If u,v € C(U) have compact
support and for some constants F,q > 0 are viscosity solutions of a Bernoulli
problem with obstacle O from below

Au=0 in{u>0}NT,
u>0 inO,
|Vul=¢q on (0{u>0}\0)NU,
[Vu| <q ond{u>0}NT,
u=F ondU

then u = v.
The same result applies for a Bernoulli problem with obstacle O from above.

Proof. By a simple rescaling it is sufficient to consider F' = ¢ = 1. We show that
Q(u) = Q(v) which is sufficient by the uniqueness of the Laplace equation.



COMPARISON PROPERTIES OF RATE INDEPENDENT DROPLET EVOLUTION 29

We first check that Q(u) C Q(v). Suppose that Q(u) \ Q(v) # 0. Consider the
largest A < 1 such that

M) == v(Ax)
satisfies
Q(u) € Q™) = 271Q(v).

Such \ exists since both Q(u) and Q(v) are open, Q(u) is bounded and Q(v) contains
a neighborhood of the origin. We have clearly A < 1, and by the definition of A there
exists zg € 9Q(u) N IN(v*). Also note that zo ¢ O since O is strongly star-shaped
and O NIQ(v) = 0.

If w and v are sufficiently smooth, we have

Vo (0) = AIVol(Azo) < A < 1 = |Vul(zo),

a contradiction with the fact that v < v by the maximum principle for the har-
monic function v* —u in Q(v)NA™IU since v* —u > 0 on A™10U C U by the strong
star-shapedness.
To make the argument work without assuming regularity, we consider the sup
and inf convolutions
vp(z) = inf wv, up(x) = sup u
By (z) B.(z)

defined on U, where U, := {z : B,.(x) C U}. It is easy to see that v, is superhar-
monic on U, NQ(v;), u, is subharmonic on U, N Q(u,), and infsy, v, — 1 asr — 0
by continuity.

Let us call the A < 1 above A\g. For each r > 0 there exists a largest A\, < 1
so that Q(u,) C A\ 'Q(v,.). Furthermore A, — Ao < 1 as r — 0. Therefore
we can choose r > 0 sufficiently small so that A\, < 1, )\T_l/z infspy,. v, > 1 and
dist (O, A\ 10Q(v,.)) > r (by strong star-shapedness of O).

We fix such r > 0 and choose g € 9Q(u,) N A\ 10Q(v,). Let us set w(z) :=
A;l/QvT()\Tx). We have that both u, and w are defined on A\ 1U,. We also note
that w — u, is superharmonic on A\ U, N {u, > 0} with w — u, > 0 on A\, 19U,
Therefore the slopes of u,- and w in the normal direction at xy are ordered.

We have the standard situation of boundaries of u, and w touching at a point
that has both interior and exterior touching balls centered at the free boundaries
of u and v(A,z) respectively. By a standard barrier construction at these centers,
we arrive at a contradiction with the fact that u satisfies |Vu| > 1 (since the center
is not in O by the choice of r) and v*" := v(\,z) satisfies )\;1/2|V1})‘T| <M1 <.
Therefore we conclude that Q(u) C Q(v).

The inclusion Q(v) C Q(u) can be shown by the same argument, swapping the
roles of v and v. By the uniqueness of the Laplace equation we have u = v.

The proof for the problem with obstacle from above follows an analogous argu-
ment. O
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