HOMOGENIZATION OF THE HELE-SHAW PROBLEM IN
PERIODIC SPATIOTEMPORAL MEDIA
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ABSTRACT. We consider the homogenization of the Hele-Shaw problem in
periodic media that are inhomogeneous both in space and time. After extending
the theory of viscosity solutions into this context, we show that the solutions
of the inhomogeneous problem converge in the homogenization limit to the
solution of a homogeneous Hele-Shaw-type problem with a general, possibly
nonlinear dependence of the free boundary velocity on the gradient. Moreover,
the free boundaries converge locally uniformly in Hausdorff distance.
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1. INTRODUCTION

Let n > 2 be the dimension and let 2 C R™ be a domain (open, connected)
with a non-empty compact Lipschitz boundary (99 € C%!). For given € > 0,
we shall consider the following Hele-Shaw-type problem on a parabolic cylinder
Q :=Q x (0,T] for some T > 0: find u® : Q — [0,00) that formally satisfies

{—Au(x,t) =0 in {u > 0},
Vi(z,t) =g (%, 1) |Dut(z,t)] on d{u> 0},

ele

(1.1)

with some boundary data to be specified later (Theorem 1.1), where D = D, and
A = A, are respectively the gradient and the Laplace operator in the x variable,
and V,, is the normal velocity of the free boundary d{u > 0}. Assuming that the
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FiGURE 1. The Hele-Shaw problem in a plane

solution is sufficiently smooth, the free boundary d{u > 0} is a level set of u and its
normal velocity can be expressed as

+
Uy

Y= Du|

Here u;” and Du™ formally represent the limits of the derivatives from the positive
set of u. The well-posedness of problem (1.1) requires some basic regularity of g. In
the following we shall assume that g satisfies

(1.2) 0O<m<g<M
for some positive constants m, M, and that ¢ is L-Lipschitz both in x and ¢, that is,
(1.3)  g(z,t) — g(y,s)| < L(lx —y| + |t — s]) for all (x,t), (y,s) € R™ x R.

We are interested in the behavior of the solutions of (1.1) in the homogenization
limit € — 0+. Since we want to observe an averaging behavior, we further assume
that g is a Z"*!-periodic function, i.e.,

(1.4) glx+k,t+1)=g(z,t) for all (z,t) e R® xR, (k,l) € Z" x Z.

In the following we define

Note that ¢° is an eZ"*!-periodic %—Lipschitz function which satisfies (1.2).
Problem (1.1) with g = const is the standard Hele-Shaw problem with no surface
tension. In two dimensions, it was introduced in [14] as a model of a slow movement
of a viscous fluid injected in between two nearby parallel plates that form the
so-called Hele-Shaw cell. This problem naturally generalizes to all dimensions n > 1.
In particular, in three dimensions it serves as a model of a pressure-driven flow
of an incompressible fluid through a porous medium. Following this motivation,
problem (1.1) with general g describes a pressure-driven flow of an incompressible
fluid in an inhomogeneous, time-dependent medium. Free boundary problems
with similar velocity laws have various applications in the plastics industry and
other fields [32,33,38]. The Hele-Shaw-type problem (1.1) can also be viewed as a
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quasi-stationary limit of the one-phase Stefan problem with a latent heat of phase
transition depending on position and time [1,28,31,35].

Homogenization overview. There is a large amount of literature on homogeniza-
tion which is beyond the scope of this discussion and thus we refer the reader to
[17,39] and the references therein.

In the context of viscosity solutions for fully nonlinear problems of the first and
second order, the now standard approach to homogenization using correctors that
are the solutions of an appropriate cell problem was pioneered by Lions, Papanicolau
& Varadhan [27] for first order equations, and later by Evans [13] for second order
equations. Unfortunately, this approach does not apply to problems like (1.1)
because the zero level of solutions has a special significance and the perturbation of
a test function by a global periodic solution of some cell problem, i.e., the corrector,
does not seem feasible.

The idea of using obstacle problems to recover the homogenized operator without
the need for a cell problem was developed by Caffarelli, Souganidis & Wang [8]
for the stochastic homogenization of fully-nonlinear second order elliptic equations.
It was then applied to the homogenization of the Hele-Shaw problem with spatial
periodic inhomogeneity by Kim [20], using purely the methods of the theory of
viscosity solutions. This approach was later extended to a model of contact angle
dynamics [21], and an algebraic rate of the convergence of free boundaries was
obtained [22].

Kim & Mellet [23,24] later succeeded at applying a combination of viscosity and
variational approaches and obtained a homogenization result in the setting of spatial
stationary ergodic random media. A related question of long-time asymptotics of
the spatially inhomogeneous Hele-Shaw problem was addressed by the author [30].
This technique relies on the special structure of problem (1.1) with time-independent
g which allows us to rewrite the problem as a variational inequality of a certain
obstacle problem. We refer the reader to [34] and the references therein for an
exposition of obstacle problems and their homogenization.

The homogenization results for spatial media do not necessarily translate directly
to the spatiotemporal homogenization. In the context of Hamilton-Jacobi equations,
for instance, a lack of uniform estimates in the spatiotemporal case was encountered
by Schwab [36] who proved the homogenization in spatiotemporal stationary ergodic
random media, which was before established by Souganidis [37] for spatial random
media. The situation seems to be more extreme in the case of the Hele-Shaw problem
since the homogenization in spatiotemporal media is qualitatively different even in
the periodic case.

This difference can be already observed in the homogenization of a single ordinary
differential equation of the type aL(t) = f(x.(t)/e,t/e, x:(t)). In fact, the Hele-Shaw
problem (1.1) reduces to this type of ODE in one dimension; see Section 3.1 for
further discussion. It is known that, under some assumptions on f, x. = & locally
uniformly, where Z is the solution of a homogenized ODE [15,29]. However, the
form of the homogenized problem depends on f. If, for illustration, f(y,s,z) = f(y)
is a Z-periodic Lipschitz function, then the homogenized problem has the form
#'(t) = f where f is the constant

(15) i=(/ () i)

-1
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On the other hand, if f(y,s,z) = f(y,s) has a nontrivial dependence on both y
and s, then no such explicit formula exists and, in fact, the right-hand side of the
homogenized problem, while still a constant, can possibly attain any value in the
range [min f, max f].

Another explanation of the qualitative difference, slightly more intuitive, is the
interpretation of the Hele-Shaw problem (1.1) as the quasi-stationary limit of the
Stefan problem. Then the quantity (g(x/e,t/¢))~! can be interpreted as the latent
heat of phase transition, that is, the “energy” necessary to change a unit volume of
the dry region into the wet region and advance the free boundary [30]. The “energy
flux” is proportional to the gradient of the pressure. If g does not depend on time,
the homogenized latent heat is simply the average, i.e., f[o’l}n(g(az))_l dz, giving
the homogenized velocity recovered in [23] (of the form (1.5)).

This formula was rigorously justified in [23] using the variational formulation via
an obstacle problem, which allows one to solve for the shape of the wet region at a
given time without the need to solve the problem at previous times. The variational
formulation was introduced in [12] using a transformation due to [3]. In a sense,
for the evolution overall, the free boundary feels the same influence of the medium
no matter how it passes through it. Or, in other words, the amount of the energy
required to fill a given region is always the same.

This drastically changes when the latent heat depends on both space and time.
In this case, the energy required to advance the boundary depends on the specific
history of the motion of the free boundary through the space-time. The varia-
tional formulation does not apply anymore. What is more, it is no longer obvious
that the problem should homogenize. As the one-dimensional situation indicates—
Section 3.1—the homogenized velocity might have a complicated dependence on the
gradient, with velocity pinning and directional dependence. Some of these features
appear in the spatial homogenization of non-monotone problems [21,22].

Our approach can be characterized as geometric, relying on maximum principle
arguments. A similar approach to homogenization, albeit of (local) geometric
motions, was recently pursued by Caffarelli & Monneau [6]. The geometric approach
to the Hele-Shaw problem is complicated by the nonlocal nature of the problem.
Indeed, (1.1) can be interpreted as a geometric motion of the free boundary with
the velocity given by a nonlocal operator based on the Dirichlet-to-Neumann map.
Thus the domain is of crucial importance.

Main results. We present new well-posedness and homogenization results for the
Hele-Shaw-type problem (1.1).

The well-posedness result is a generalization and an improvement of the previous
results in [18,20]. In full generality, we consider the Hele-Shaw type problem

{—Au(m,t) =0 in {u>0nQ,

(1.6) uf (z,t) = f(z,t, Du) |Dut(z,t)]> on o{u >0} N Q.

Let us introduce a number of assumptions on the function f(z,t¢,p) : @ x R® — R.
In the following, we use the semi-continuous envelopes f, and f* of f on Q X R™ (see
(2.1) for definition). Let us point out that we do not require continuity of f(x,t,p)
in p. We shall need this generality to handle the homogenized problem.

(A1) (non-degeneracy) There exist constants m and M such that 0 < m <
f(z,t,p) < M for all (x,t,p) € Q x R™.
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(A2) (Lipschitz continuity) There exists a constant L > 0 such that f is L-Lipschitz
in x and ¢ for all p.

(A3) (monotonicity) f*(z,t,a1p) la1p| < fu(x,t, azp) |azp| for any (z,t,p) € QxR
and 0 < a1 < as.

The assumption (A3) implies that the free boundary velocity is monotone with

respect to the gradient, while allowing for certain jumps.

We have the following well-posedness theorem for viscosity solutions that are
introduced in Section 2.

Theorem 1.1 (Well-posedness). Let @ := Q x (0,T] where 2 is a domain that
satisfies the assumptions above and T > 0. Assume that either f(x,t,p) = f(x,t)
or f(z,t,p) = f(p) and that f satisfies (A1)-(A3). Then for any positive function
P € C(0Q x [0,T)) strictly increasing in time, and for any open set Qy C R™
with smooth boundary, 0Qy € C™', such that Q° C Qg and Qp N Q is bounded
(see Figure 1), there erists a unique bounded viscosity solution u : Q — [0,00) of
the Hele-Shaw-type problem (1.6) such that u* = u, = u on 9pQ = Q \ Q with
boundary data u(x,t) = ¥(x,t) on 0Q x [0,T] and initial data u(-,0) > 0 in QN Qy
and u(-,0) = 0 in Q\ Qo. The solution is unique in the sense that u, = v. and
w* = v* for any two viscosity solutions u, v with the given boundary data.

In the context of a flow in porous media, Q¢ represents the source of a liquid
with the prescribed pressure ¢ on its boundary, and )y is the initial wet region.
The situation is depicted in Figure 1.

However, the main result of this paper concerns the homogenization of (1.1).
Note that because the solution of the homogenized problem might be discontinuous,
we cannot expect uniform convergence of solutions in general. Furthermore, we do
not know if the homogenized velocity (r in Theorem 1.2 below) is continuous.

Theorem 1.2 (Homogenization). Suppose that g € C(R™ x R) satisfies (1.2)—(1.4).
Then there exists a function r : R™ — R such that

r(p)
f(l', t7p) =0
Ip|
satisfies (A1)-(A3), and, for any Q and initial and boundary data Qo,v that satisfy
the assumptions in Theorem 1.1 the following results hold:

(a) the unique solutions u® of (1.1) with data Qo,v converge in the sense of
half-relazed limits as € — 0 (Definition 4.2) to the unique solution u of (1.6)
with f(x,t,p) = r(p)/|p| and the same data Qq,;

(b) if u is also continuous on a compact set K C Q then u® = u converge
uniformly on K ;

(c) the free boundaries O{(u®), > 0} converge uniformly to the free boundary
O{u. > 0} with respect to the Hausdorff distance (Definition 4.3).

Sketch of the proof. Let us give an overview of the main ideas in the paper.
Since the variational formulation via an obstacle problem, discussed above, is not
available, we have to rely solely on the technically heavy tools of the viscosity theory.
The time-dependence of g poses significant new challenges which require a rather
nontrivial extension of the previous results.

The first step is the identification of the homogenized problem. Since the solutions
of (1.1) are harmonic in space in their positive sets on any scale ¢, their limit ase — 0
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should also be harmonic in space. The free boundary velocity of the homogenized
problem is, however, unknown. Following the ideas from [8,20], we identify the
correct homogenized free boundary velocity by solving an obstacle problem and
study its behavior as e — 0. To motivate our approach, suppose that the solutions
uf in the limit € — 0 converge to a solution u of the homogenized Hele-Shaw problem
with the free boundary law given as

V., = r(Du) on 9{u > 0},

where a — r(ag) is an increasing function on Ry for any ¢ € R™. The crucial
observation is that this problem has traveling wave solutions; these are the planar
solutions of the form P, . (z,t) = (|g| rt +x - ¢)4, with the particular choice r = r(g).
Here (-)4 stands for the positive part, i.e., s4 := max(s,0). If r > r(g) then P, , is a
supersolution of the homogenized problem, and if r < r(g) it is a subsolution. This
observation allows us to identify the correct velocity r(q) by solving the e-problem
(1.1) for each € > 0 and comparing the solution with the planar solution P, , for
given r and ¢q. Loosely speaking, if r is too large for a given ¢, the solutions u®
should evolve slower than P, , for small € and, similarly, if  is too small then u*
should evolve faster than P, , for small .

To make this idea rigorous, we solve the following obstacle problems for each
fixed e: given a fixed domain @, r and g, find the largest subsolution .., , of
the e-problem that stays under P, in @ and the smallest supersolution u.., . of
the e-problem that stays above P, , in (). Following this reasoning, we find two
candidates for the correct homogenized velocity r(q) by “properly measuring” how
much contact there is as € — 0 between the obstacle P, , and the largest subsolution
TUe,q,r, yielding 7(g), and the smallest supersolution u,., ., yielding r(q). Since the
free boundary velocity law is nonlocal, given by a Dirichlet-to-Neumann map, a
good choice of the domain @ for this procedure is important.

For homogenization to occur, it is necessary that both candidates 7(q) and r(q)
yield the same limit problem (1.6). We need to give a proper meaning to the intuitive
idea of evolving slower or faster than the obstacle P, . The selection of a quantity
that not only “properly measures” the amount of contact between the obstacle P, ,.
and the solutions of the obstacle problem in the homogenization limit e — 0 but
is also convenient to work with is far from obvious. In particular, we want to take
advantage of the natural monotonicity (Birkhoff property) of the solutions of the
obstacle problem, which is a consequence of the periodicity of the medium.

In [8] as well as in [20-22], the authors consider the coincidence set of the solutions
of the obstacle problem and the obstacle P, , as their quantity of choice. This choice
is motivated by the fact that if there is a contact on a sufficiently large set, then
the solution must be close to the obstacle everywhere. This kind of estimate can
be established using the Alexandroff-Bakelman-Pucci estimate in the case of fully
nonlinear elliptic problems in [8]. Since ABP-type estimates are not available for the
Hele-Shaw problem, the closeness to the obstacle must be derived by other means
[20].

The disadvantage of this approach in the context of free boundary problems,
in particular for the homogenization of (1.1), stems from the restriction that it
imposes on the directions in which one can translate the solutions of the obstacle
problem to take advantage of their natural monotonicity property, and to recover
the monotonicity of the contact set. This creates technical difficulties and requires a
separate treatment of rational and irrational directions. It seems that, to overcome
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these difficulties, it is necessary to scale the solutions in time for the arguments to
work. However, a scaling in time is not available in the time-dependent medium.
The main new idea in this paper is the introduction of flatness and its critical value
7 (Section 3.4). More specifically, to recover the correct homogenized boundary
velocity for a given gradient ¢ we test if, for some fixed 8 € (0, 1), the free boundary
of the solution of the obstacle problem stays ”-close to the obstacle for a unit time
on an arbitrary small scale e. This choice is motivated by the new cone flatness
property (Proposition 3.20): the boundary of the solution of the obstacle problem

stays between two cones that are ~ ¢ \lns|1/ % apart. Therefore if, for ¢ < 1, the

boundary is farther than % > ¢ |1ne|1/ % it will be detached from the obstacle on a
large set. This is formulated in the detachment lemma (Lemma 3.23). Moreover, the
improvement of the local comparison principle (Theorem 3.16) for e8-flat solutions
to allow for 8 € (4/5,1) is a necessary ingredient to close the argument. This
approach allows us to prove that the candidates 7(q) and r(q) almost coincide, i.e.,
7 =r*, and that f(z,t,p) = 7(p)/ |p| satisfies the assumptions (A1)-(A3). Moreover,
if the medium is time-independent, that is, g(z,t) = g(x), we are able to show that
T = r are continuous and one-homogeneous (Section 3.10), essentially recovering the
result of [20].

Once the homogenized velocity has been identified, we can prove that the half-
relaxed limits satisfy the homogenized problem (Section 4). The perturbed test
function method cannot be applied to free boundary problems and a different, more
geometric argument based on a comparison of the solutions of the e-problem with
rescaled translations of the solutions of the obstacle problems must be engaged. The
detachment lemma (Lemma 3.23) plays a key role in this argument. Finally, since
the comparison with barriers guarantees that the limits have the correct boundary
data, the comparison principle for the limit problem establishes that the upper
and lower half-relaxed limits coincide with the unique solution of the homogenized
problem.

Open problems. Let us conclude the introduction by mentioning some of the
open problems. We have been only able to show that the homogenized velocity r is
semi-continuous. However, it seems quite reasonable to expect continuity, or even
Holder continuity. As the one-dimensional case suggests in Section 3.1, this is the
highest regularity one may hope for in a general situation. Another open problem is
the question of a convergence rate of free boundaries in the homogenization limit.
An algebraic rate was obtained in the periodic spatial homogenization case [22].
These issues will be addressed in future work.

A related open problem is the homogenization in random media when the free
boundary problem does not have a variational structure, unlike [23,24]. This problem
has not yet been solved since there is no obvious subadditive quantity to which the
subadditive ergodic theorem can be applied to overcome the lack of compactness of
a general probability space.

Finally, in the current paper, we use the monotone propagation property of the
free boundary—that is, that the wet region cannot recede—to obtain some of the
important estimates. The presented method, however, seems robust enough to
handle non-monotone problems such as the model of contact angle dynamics as in
[21,22]. This will also be a subject of future work.
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Outline. The exposition of the proof of the homogenization result was split in a
number of steps. First we give the necessary definitions of solutions in Section 2,
together with some preliminary results including the comparison principle and a
well-posedness result. These are used in Section 3, where we identify a candidate
for the limit velocity. Finally, Section 4 is devoted to showing that the solutions
converge in the homogenization limit. In addition, the appendices contain some
auxiliary results used throughout the text.

2. VISCOSITY SOLUTIONS

In this section, we briefly revisit the theory of viscosity solutions of the Hele-Shaw
problem (1.1). We generalize the definitions introduced in [18,20], and outline
the proof of the comparison principle in our settings, Section 2.1, with an aim at
establishing Theorem 1.1 in Section 2.2. Let us mention that viscosity solutions
seem to be the natural class of solutions of (1.1) since the problem has a maximum
principle structure. Moreover, due to the possible topological changes and merging
of free boundaries, the solutions might be discontinuous [18]. The standard notion
of solutions due to [12] does not apply when ¢ in (1.1) depends on time.

Since viscosity solutions are the only weak notion of solutions used throughout
the paper, we will often refer to them simply as solutions.

Before we give the definitions of viscosity solutions, we need to introduce some
notation. For given radius p > 0 and center (x,t) € R™ x R, we define the open
balls

By(w,t) = {(y.5) € R x R: [y — af + |s — 1) < p?},
Bp(z) =={y eR": |y — 2| < p}.
Let E C R? for some d > 1. Then USC(E) and LSC(E) are respectively the sets of
all upper semi-continuous and lower semi-continuous functions on E. For a locally

bounded function u on E we define the semi-continuous envelopes u** € USC(R?)
and u, p € LSC(R?) as

ut? = inf {v € USC(R?) : v > u on E},

2.1
@1) Uy | 1= sup{vELSC’(Rd):vguon E}.

Note that u*F : R? — [~00,00) and u, g : R? — (—00, 0] are finite on E. We
simply write u* and u, if the set E is understood from the context. The envelopes
can be also expressed as

uF(z) = }ir%sup {u(y):y€E, ly—z| <8} forxek, U p = —(—u)"F.
—

It will be also useful to use a shorthand notation for the set of positive values of
a given function v : £ — [0,00), defined on a set £ C R™ x R,

Qu; E) == {(z,t) € E : u(x,t) > 0}, Q(w; E) .= {(z,t) € E : u(x,t) = 0},

and the closure Q(u; E) := Q(u; E). For t € R, the time-slices Q;(u; E), Q;(u; F)
and Q(u; F) are defined in the obvious way, i.e.,

Q(uw; E) = {z: (z,t) e UAw; E)}, etc.
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We shall call the boundary of the positive set in E the free boundary of v and denote
it T'(u; ), i.e.,

[(u; E) = (9Q(u; E)) N E.

If the set F is understood from the context, we shall simply write Q(u), etc.
For given constant 7 € R we will often abbreviate

{t<7}i={(z,t) eR"xR:t <7},  etc

It will be convenient to define viscosity solutions on general parabolic neighbor-
hoods; we refer the reader to [40] for a more general definition.

Definition 2.1 (Parabolic neighborhood and boundary).

A nonempty set E C R™ X R is called a parabolic neighborhood if E=UnN{t < 7}
for some open set U C R™ x R and some 7 € R. We say that E is a parabolic
neighborhood of (z,t) € R™ x R if (x,t) € E. Let us define OpE := E \ E, the
parabolic boundary of F.

Remark 2.2. Since int E = U N {t < 7}, one can observe that 9pF = dE\ (UN{t = 7}).
If E = U then OpE = OF. Note that we do not require that E # U, which is usually
assumed, simply because it is unnecessary in this paper. Adding this requirement does not
change any of the results presented.

Following [18,20], we define the viscosity solutions for (1.6). In the following
definitions, @ C R™ x R is an arbitrary parabolic neighborhood in the sense of
Definition 2.1 and f(x,t,p) : @ xR™ — R satisfies assumptions (A1)—(A3) (Section 1).
We do not assume that f is continuous in p.

Definition 2.3. We say that a locally bounded, non-negative function u : Q — [0, 00)
is a viscosity subsolution of (1.6) on Q if

(i) (continuous expansion)
Qu;Q)NQN{t <7y CQu;Q)N{t <7} for every T >0,

(4i) (maximum principle)
for any ¢ € C*' such that u* — ¢ has a local maximum at (zg,ty) €
QN Qu; Q) in Qu; Q) N {t < to}, we have
(22-1) Zf U*(.To,to) > 0 then —A¢((E0,t0) <0,
(11-2) if u*(xo,t0) = 0 then either —A¢p(xg,t9) < 0 or De(zg,tg) =0
or [¢r — f* (20, to, Dd(xo, to)) [Dd|*](z0, o) < 0.
Remark 2.4. The condition (i) in Definition 2.3 is necessary to prevent a scenario where

a ‘bubble’ closes instantly; more precisely, a subsolution cannot become instantly positive
on an open set surrounded by a positive phase, or cannot fill the whole space instantly.

The definition of a viscosity supersolution is similar.

Definition 2.5. We say that a locally bounded, non-negative function u : Q — [0, 00)
is a viscosity supersolution of (1.6) on Q if
(i) (monotonicity of support)
if (€,7) € Qus; Q) then (§,t) € Vus; Q) for all (§,8) € Q, t > T.
(i) (mazimum principle)
for any ¢ € C** such that u. — ¢ has a local minimum at (xq,ty) € Q in
{t <to}, we have
(i5-1) if us(zo,to) > 0 then —A¢(xg,t9) > 0,
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(15-2) if us(zo,to) = 0 then either —A@(xo,t0) > 0 or Dp(xg,to) =0
or [¢ — fu(0,to, Dd(wo, t0)) | Dé| ] (w0, t0) > 0.

Remark 2.6. The condition (i) in Definition 2.5 states that the support of a supersolution
is nondecreasing. It is a purely technical assumption which simplifies the proof of the
comparison theorem by preventing an instantaneous disappearance of a component of a
positive phase. Indeed, it can be shown that all solutions of the Hele-Shaw problem have
nondecreasing support. This assumption can be removed by using the tools developed in
[26].

Finally, we define a viscosity solution by combining the two previous definitions.

Definition 2.7. A function u: Q — [0,00) is a viscosity solution of (1.6) on Q if
u s both a viscosity subsolution and a viscosity supersolution on Q.

It will be useful to state an equivalent definition of viscosity solutions via a com-
parison with barriers, which in our case are strict classical sub- and supersolutions.
This definition seems more natural, as it follows a more common pattern appearing
in the treatment of free boundary problems; see [2,4,7,9,25,26].

Definition 2.8. For a given closed set K € R™ x R, we say that ¢ € Citl (K) if

there exists open set U D K and 1 € Ci:tl(U), i.e., a function twice continuously
differentiable in space and once in time, such that ¢ =1 on K.

Definition 2.9. Given a nonempty open set U C R™ x R, a function ¢ € C(U) N
Ciz (Q(¢;U)) is called a subbarrier of (1.6) in U if there exists a positive constant
¢ such that

(i) —A¢ < —c on Q(¢;U), and

(i1) |D*| > ¢ and ¢ — f.(-,-, D¢*)|D&** < —c on I(¢: V).
Here D¢™ and ¢/ denote the limits of Dé and ¢y, respectively, on T'(¢;U) from
Q(p; U).

Definition 2.10. Given a nonempty open set U C R™ x R, a function ¢ € C(U) N
C’ftl (Q(¢;U)) is called a superbarrier of (1.6) in U if there exists a positive constant
c such that

(i) —A¢ >c on Qe;U), and

(it) [D$*| > ¢ and ¢ — (-, Dg*) D[ > ¢ on T(: V).

A notion of strict separation is a crucial concept in the theory and will be used
multiple times (our definition differs slightly from the one introduced in [18]).

Definition 2.11 (Strict separation). Let £ C R™ x R be a parabolic neighborhood,
and u,v : E— R be bounded non-negative functions on E, and let K C E. We say

that w and v are strictly separated on K with respect to E, and we write u < v in
K wrt E,if

uF <o, g in KnNQu; E).
A definition of viscosity solutions using barriers follows.

Definition 2.12. We say that a locally bounded, non-negative function u : @ —
[0,00) is a viscosity subsolution of (1.6) on Q if for every bounded parabolic
neighborhood E = U N{t <1}, E C Q, and every superbarrier ¢ on U such that
uw= ¢ on OpE w.r.t. E, we also have u < ¢ on E w.r.t. E.
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Similarly, a locally bounded, non-negative function u : Q — [0,00) is a viscosity
supersolution if Definition 2.5(i) holds and for any subbarrier ¢ on U such that
¢ <u ondpE w.rt. E, we also have ¢ < u on E w.r.t. E.

Finally, u is a viscosity solution if it is both a viscosity subsolution and a viscosity
supersolution.

We finish this section by stating the equivalence of the two definitions of viscosity
solutions.

Proposition 2.13. The definitions of viscosity subsolutions (resp. supersolutions)
in Definition 2.3 (resp. 2.5) and in Definition 2.12 are equivalent.

Before proceeding with the proof, let us state a useful property of a strict
separation on time dependent sets.

Lemma 2.14. Suppose that E is a bounded parabolic neighborhood and u, v are
non-negative locally bounded functions on E. The set

(2.2) Ouuvip = {T:u=<vin EN{t <7} wrt E}
is open and Oy g = (—00,T) for some T € (—o0, 00].

Proof. By replacing u by u*¥ and v by Vy,B, We may assume that u is upper
semi-continuous and v is lower semi-continuous. Let us choose 7 € ©,, ;. Clearly
5 € Oy for all s < 7. Therefore, we only need to show that there exists s > 7 such
that s € ©,.4.z. We can assume that {¢t < 7} N E # (), otherwise the claim is trivial
since E is compact. Suppose that u A v on EN{t < s} w.r.t. E for all s > 7. Hence
there is a sequence (x,t) € Q(u; E) such that ¢, N\, 7 and u(zg,tg) > v(zg, tr).
By compactness of E, we can assume that (z3,t;) — (£,7), and we see that
(6,7) € Q(u; E) N {t < 7}. By semi-continuity we have u(¢,7) — v(&,7) > 0, a
contradiction with u < v in EN{t < 7}. O

Proof of Proposition 2.13. Let us prove the statement for subsolutions. Suppose
that u is a subsolution on some parabolic neighborhood @ in the sense of Defini-
tion 2.3. By taking the semi-continuous envelope, we can assume that u € USC(Q).

Let E=UnN{t <7} C Q be a bounded parabolic neighborhood and let ¢ be
a superbarrier on U such that u < ¢ on dpE w.r.t. E. Consider the set O, 4 g,
introduced in (2.2). Let us define { = sup©, 4 p. Since E is bounded, we have
t > —o0. To show that u is a subsolution in the sense of Definition 2.12, it is enough
to show that u < ¢ in E, which is equivalent to = +o0.

Hence suppose that £ < 400. Lemma 2.14 implies that
(a) uA¢in EN{t <t} wrt. E,

(b) u < ¢ in EN{t < s} for all s <, and, finally,
(c) Qu; E)yn{t <t} C Q(¢; E) due to (b) and the continuous expansion in Defini-
tion 2.3(i).

By semi-continuity and compactness, u — ¢ has a local maximum at some point
(& 0) in Q(u; E)N{t < t}. Then (a) implies that u(¢,0) —¢(¢,0) > 0. Consequently,
since (b) holds, we must have o = £, and u < ¢ on dpE implies (¢,) € E. Finally,
using (c) we conclude that (&%) € ENQ(u; E) NQ(¢; E). Therefore either:

e u(¢,%) > 0, and that is a contradiction with Definition 2.3(ii-1); or
e u(£,1) = 0, but then ¢(&,1) = 0 and consequently (¢,%) € T'(¢; E), which
yields a contradiction with Definition 2.3(ii-2).
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The proof for supersolutions is analogous, but more straightforward since the
support of u, cannot decrease due to Definition 2.5(i).

The direction from Definition 2.12 to Definitions 2.3 and 2.5 is quite standard.
In particular, Definition 2.3(i) can be shown by a comparison with barriers as
in the proof of Corollary A.6. Furthermore, any test function ¢ such that v — ¢
has a local maximum at (&,f) and violates either of Definition 2.3(ii) can be
used for a construction of a superbarrier in a parabolic neighborhood of (&,%) by
considering @(z,t) = ((z,t) + |# — #|* + |t — £|* — ¢(&, 1)), Once again, the proof
for supersolutions is similar. O

Definition 2.15. For a given function f and a nonempty parabolic neighborhood
Q@ C R™ x R, we define the following classes of functions:

o S(f,Q), the set of all viscosity supersolutions of the Hele-Shaw problem (1.6)

on Q;
e S(f,Q), the set of all viscosity subsolutions of (1.6) on Q;

e S(f,Q)=S(f,Q)NS(f,Q), the set of all viscosity solutions of (1.6) on Q.
We have the following obvious inclusions:

Lemma 2.16. Let Q C R™ xR be a nonempty parabolic neighborhood. If f < g for
given functions f,g: Q x R™ — (0,00) then

S(£,Q) > 8(9,Q) and S(f,Q) € S(g,Q).

Finally, we observe that subsolutions and supersolutions can be “stitched” to-
gether.

Lemma 2.17. Let Q1,Q2 C R™ X R be two parabolic neighborhoods such that
Q1 C Q2 and letu; € S(f,Qi), 1 = 1,2, for some f(z,t,p): Q2 x R™ — (0,00). We
define

- {max(ul,ug) in Q1,

U in Q2 \ Q1.
Iful @ < uy® on (0pQ1) N Q2 and
(2.3) Q(u1;Q1) NApQ1 C Quz; Q2)

then u € S(f,Q2).

Let now v; € S(f,Q1), i = 1,2, and we define

o min(vy,v2) in Q1,
) in Q2 \ Q1.
If (Ul)*7Q1 > (UQ)*7Q2 on (ale) N QZ; then v € g(fv Ql)

Proof. Let us show the proof for subsolutions. We use Definition 2.3. Clearly
Qu; Q2) = Qu1; Q1) U Q(ug; Q2) and therefore, by (2.3), we have

Q(u; Q2) = Q(u1; Q1) U Q(ug; Q2)
= (Qu1;Q1) N Q1) U (Q(u1; Q1) N0pQ1) U Q(ug; Q2)
= (Qu1; Q1) N Q1) U D(uz; Q2).
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Thus Definition 2.3(i) is clear. To prove (ii), suppose that u* — ¢ has a local
maximum at (z,%) € Q(u; Q2) in Q(u; Q2)N {t < f}. We observe that, by hypothesis,
vt = max(u},ub??) on @ and w* = ul?? on Q, \ Q. Consequently, if
(2,£) € Q1 then u} — ¢ and/or u} — ¢ have a local maximum in the appropriate set,
and if (2,%) € Q2 \ Q1 then u} — ¢ has a local maximum. Definition 2.3(ii) follows
from this observation.

The proof for supersolutions is straightforward since there is no restriction on
their supports. ([

2.1. Comparison principle. A crucial result for a successful theory of viscosity
solutions is a comparison principle. In this section we establish the comparison
principle between strictly separated viscosity solutions on an arbitrary parabolic
neighborhood. We only give an outline of the proof and point out the differences
from previous results in [18, 20, 26].

Theorem 2.18. Let Q be a bounded parabolic neighborhood. Suppose that f :
Q x R™ — R is a given function that satisfies the assumptions (A1)-(A3) and
is of the form either f(x,t,p) = g(x,t) or f(x,t,p) = f(p). If u € S(f,Q) and
v € S(f, Q) such that u < v on OpQ w.r.t. Q, then u < v in Q w.r.t. Q.

Proof. Step 1. We can assume that u € USC(Q) and v € LSC(Q). Similarly to the

proof of Proposition 2.13, we consider the set O, ,,q, defined in (2.2), and introduce

to := sup Ou,v:g > —00. Then u < v on @ w.r.t. @ is equivalent to to = +00.
Therefore suppose that fy < 4+00. Let us introduce the sup- and inf-convolutions

3L
Z(x,t) = (1 + T) sup wu,

m )= ()

3L
Wz, t) = (1 - T) _inf w(x,t),
m Er_st(z,t)
with 0 < 7 < gF and 0 = g% where T' := inf {7: Q C {t < 7}}. The open set
2, (z,t) is defined as

Eat) = {(9): (g —al =13 +]s =1 <12},

We refer the reader to [18,26] for a detailed discussion of the properties of Z and W.
In particular, Z and W are well-defined on the closure of the parabolic neighborhood

QT,
Q= {(amt) (E(z,t) C Q}7

and Z € USC(Q,) and W € LSC(Q,.).

Moreover, Z € S(f,Q,) and W € S(f, Q). This is straightforward if f(z,t,p) =
f(p). However, if f depends on (z,t) as in f(x,t,p) = g(z,t) we have to use
Proposition B.1 with factors a = (1 £ 3Lr/m), yielding the same conclusion.

Finally, and this is the main motivation for the choice of the convolutions, both
Z and W have an important interior/exterior ball property of their level sets both
in space for each time and in space-time; see [26].

Step 2. Since u < v on dpQ w.r.t. @, we claim that if r is chosen small enough
we have Z < W on 0pQ,. w.r.t. Q,. Suppose that this is not true for any > 0. Let
7k — 0 as k — oo. There exists a sequence of (zy,tx) € 0pQ,, N QUZ,,; Q) such
that Z,, (g, tg) > Wy, (vk, t). By definition of Z and W and semi-continuity, there
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exist (§k, 0%), (Chs Tk) € Ery (g, tx) such that (&, o0x) € Qu; Q) and u(k, ox) >
v(Ck, 7). By compactness of Q(u; @), for a subsequence, still denoted by k, (&, o)
converges to a point (£, 0), which must lie in 9pQ N Q(u; Q). A simple observation
(Cky k) € Zap, (&, 0k) then implies that ((,7x) — (&, 0). This is a contradiction
with the semi-continuity of w and v and the fact that u(§, o) < v(€,0).

Step 3. We claim that W is a supersolution of (1.6) on @, with the free boundary
velocity increased by 4, that is, with fo(z,t,p) = f(x,t,p) + 6 |p|71. As we already
know that W € S(f,Q,), we only need to verify Definition 2.5(ii-2). Thus suppose
that ¢ is a C*!-function and W — ¢ has a strict local minimum 0 at (£, 0) in {t < o},
and W(&,0) =0, —A¢(§,0) < 0 and |D¢(§,0)| > 0. By semi-continuity there
exists (y,s) € E4_s5,(0,0) with

3L
(1) ste 4y +9) = Wi
Moreover, the definition of ¢ and W implies that
(2.4) oz, t) < Wi(x,t) < (1 - 3Lr> vz +y+z,t+s),
m

for any (y + z,5) € Z,-5¢(0,0) and (z,t) in a neighborhood of (¢,0), t < o. Since
the set = HT 5¢(0,0) is decreasing in ¢, we can take any z € B(;(c, #(0). Let us define

v= \Dzbl ¢ (€,0), the unit outer normal to Q,(¢) at &. With the particular choice
z = —0(o — t)v, we can rewrite (2.4) after a change of variables as
3Lr\ !
Y(x,t):=(1— — dlx—y+d(c+s—tvt—s) <uv(z,t),
m

for (z,t) close to ((,u) := (§+y,0 +s), t < o+ s. Additionally, the equality
holds at (¢, p) by the choice of (y,s). Thus v is a test function for v at (¢, ) for
Definition 2.5(ii-2), and we have

(60— 5|DOlI(€, o) = (1—3”) $e(C, )

_ (1 _ ?’m”) L. (gu, (1 - 3:;) B Dqs(é,a)) Do(E, o).

If f(x , t,p) = ( t), then we use the assumptions (A1)—(A2) that imply g(¢, u) >
(1 -3 g(&,0), and if f(,t,p) = f(p) we use the assumption (A3) to conclude
that

(60 — 8 [D@||(€,0) > fu(&,0,D(€,0)) |DH(E, o) .
Therefore W € S(f?,Q,).

Step 4. We proceed with the proof of the comparison theorem. Let us set
t = sup Ozw.q,
and observe that ¢ < .

As in the proof of Proposition 2.13, we have Q(Z) N {t <t} cow)n{t<t},
and there exists (£,%) € Q, N Q(Z) NQ(W) such that (¢,1) is a point of maximum
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of Z—W in Q(Z) N {t<t}, and Z(&,E) — W(,E) > 0. Since the set QF(W)
has the interior ball property of radius r/2, we can show by a barrier argument
that in fact Z = 0 on Q°(W) N {t <t}, see [18,26] for details. Most of the
arguments are analogous since Z € S(M, Q..), W € S(m, Q,). This together with
the assumption that Q(W) cannot decrease in time due to Definition 2.5(i) yields
QZ)N {t < f} c QW).

Suppose that Z(&,f) > 0. Let us denote by U the connected component of
Q;(W) that contains (&,). Since Z(-,#) is subharmonic in the (open) set U, Z(-, )
cannot be identically zero on OU. But the conclusion of the previous paragraph
implies that Z = 0 on (U x {t}) N Q,. Hence (3U x {{}) N 9pQ, # 0. We
have 0 < Z < W at the points of 0p@Q, where Z > 0 by the assumption of strict
separation. Consequently, a straightforward argument of adding a small harmonic
function to Z, using the comparison principle for subharmonic and superharmonic
functions, yields Z(&,1) < W (&, 1), a contradiction with the previous paragraph.

Therefore Z(¢,t) = W(£,1) =0 and Z < W on {t <t}. We arrive at the last
step of the comparison theorem, where we need to find some weak ordering of
gradients and the corresponding velocities, as in [26].

Step 5. Hopf’s lemma implies that the “gradients” of Z and W are strictly
ordered. Indeed, let v be the unique unit outer normal of Q;(Z) and Q;(W) at
¢. Since Z(-,1) is subharmonic in U and W is superharmonic in U, and there is
an interior ball of Q;(Z) at &, and W (-,£) # Z(-,) in U, we can apply the Hopf’s
lemma in U at £ € 9U and conclude that

(2.5) a = lim sup M < lim inf M =: f.
h—0 h h—0 h

The assumption on f implies

(2.6) fr (&t —av) |—av| < fo (&1, —Bv) =B

It can be showed as in [18] (see also [25,26]) that the sets Q(Z) and Q°(W) have
interior space-time balls at (£, #) with space-time slopes that represent the velocities
of the free boundaries at (&,) which we denote as myz and myy. A barrier argument
yields 0 < § < mwy < mz < o0, using the result of Step 3.

Step 6. Now we proceed as in [26]: There are points (&, t,) and (&, t,) on
the free boundaries of u and v, respectively, such that (&,,t.), (£,,t,) € 0Z,.(€,1).
Since Z < W for t <t and Z > 0 on Z,(&,,t,), we can deduce that v > 0 on
UZ,_s¢(z,t), where the union is over all points (z,t) € Z,(&y,ty), t < . Therefore
as in [26, Lemma 3.23], given arbitrary 7 > 0 small we can put a radial test function
under v in a neighborhood of (&,,t,) that touches v from below at (&,,t,) with free
boundary velocity mz — § +n and gradient — (1 — %)71 (B —n)v at (&,t,). The
definition of supersolution then implies

—1 -1
mz—5+772f*<5v,tv,—<1—3ﬂ€r> (ﬁ—n)V>(1—3nLj) (5.

which can be estimated using (A1)-(A2) or (A3), depending on the form of f as in
Step 3, as

> f*(gai, _(6 - 77)’/)(5 - 77)
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Sending 7 — 0, the lower semi-continuity of f, implies
mz — 8> fu(&,1,—Br)B.
A similar, but more direct proof using the fact that Z = 0 on Z,.(¢, 1) establishes
my < fH(€ L, —av)a.
When we combine these two inequalities through (2.6), we arrive at
mz < f* (E,f, —av) a < f. (ﬁ,f, —Bl/) B<mgz—29,

a contradiction. Therefore Z and W cannot cross, which in turn implies that u and
v cannot cross and hence u < v in Q w.r.t. Q. [

2.2. Well-posedness. We will use the comparison principle, Theorem 2.18, to
establish the well-posedness of the Hele-Shaw-type problem (1.6), Theorem 1.1.
Since Theorem 2.18 requires strictly separated boundary data, it does not provide
uniqueness of solutions for general boundary data. However, it is possible to prove
uniqueness when the boundary data features some special structure; see [18,20]. We
show the well-posedness theorem for boundary data strictly increasing in time.

Proof of Theorem 1.1. In this proof we return to the parabolic cylinder @ = Q x
(0,T) introduced in Section 1.

Bounded support. First observe that exactly one of £ and g is bounded and that
both 92 and 9€)y are bounded.

Let u be a bounded viscosity solution on ) with the correct boundary data. We
will show that Q(u; Q) C Br(0) x [0, 7] for some large R. If 2 is bounded, this is
obvious. Therefore assume that € is unbounded and therefore g is bounded. Let
d = diam 2y > 0, set K := supgu < oo (by assumption) and recall that M is the

upper bound on f. We define p := 2v2nKMT and R := d + p. The claim now
follows from Corollary A.6 applied with E = Qy°. We set ¥ := Br(0) N2, which is
clearly bounded. Note that 9Qy C Br(0).

Barriers. Before proceeding with the proof of existence, let us first construct barriers
for the Perron’s method. We write Qf := Qo + B,(0), Q) := Qp. Since 99y is
C%! and compact, it is a set of a positive reach and there exists py > 0 such that
905 € CH! and 9Qf C Bg(0) for p € [0, pol.

For p € [0, po], t € [0, 7], let us define uf € C(2), such that Auf =01in Q5N Q
with boundary data uf(z) = ¢ (z,t) on 9%, uf =0in Q\ Q.

Since 99 C Br(0) and 992 € C%!, we can extend 1 to C(R™ x [0, T]) as Ay = 0 in
(Br(0)\09Q) x [0,T] and ¢ = 0 in B%(0) x [0, T]. Observe that ¢ € S(M, X x [0,T]).

Now we introduce the barriers at the initial time ¢ = 0. By the Hopf’s lemma
and comparison for harmonic functions, and the fact that ¢ is bounded from
above and from zero on 9 x [0,T], there exists a constant ¢ > 0 such that
0 <t < |DW))T| < ¢ on 89 for all p € [0,p0/2], t € [0,T]. Therefore
we can find w > 0 large enough so that U(z,t) := u¥ ‘'(z) is a subsolution
UeS(m/2,Qx(0,d]), and V(z,t) := u(z) is a supersolution V € S(M,Q x (0, ])
for some ¢ € (0, po/w). Moreover, U,V € C(Q x [0,6]). Let us extend U and V by
defining U(x,t) = u‘g’fl‘;(x) and V(x,t) = ¢(z,t) for t € (0, T] (recall the extension
of ¢ above). It is straightforward to show that U € S(m/2,Q), V € S(M, Q) and
that U and V satisfy the boundary condition on dp@Q in the correct sense. That is,
Ur=U,=V*=V,=¢on Q0 x [0,T) and U* = U, = V* =V, = u.
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Uniqueness. Let u and v be two solutions with the correct boundary data.

We first check the value of v and v at ¢ = 0. In general, for any solution u, we
have u*(+, ) is subharmonic in Q and u. (-, t) is superharmonic in € (u.; Q) (see [26]
for a detailed proof). Thus a simple argument, using the facts that a support of a
subsolution must expand continuously, and that a support of a supersolution cannot
decrease, shows that u.(+,0) = u*(+,0) = v«(-,0) = v*(-,0) = u) on Q.

Now we observe that the support of a supersolution wu is strictly increasing at
t =0, ie, Qu;Q) = 2N QY C Q(us; Q) for any t > 0. This follows from the
comparison with a perturbation of U. Specifically, fix a point ¢ € Br(0) \  and
define Uy (z,t) = (U(z,t) + k |z — ¢|* — 4kR?) .. Clearly U, = U uniformly on Q
as k — 0 and U, is a subbarrier on Q x (0, ] for £ > 0 small enough (recall that
U e §(m/2,Q) with m/2 < m). Moreover, the support of U strictly increases in
the above sense. Since U,; < u on dp(@ for any k > 0, we conclude that the support
of u, must strictly increase by sending x — 0.

Because the comparison principle requires strictly separated boundary data, we
have to perturb the solutions and create this separation. We use a perturbation
in time. Such perturbation is more involved because of the time-dependence of
f(z,t,p), and in that case we will use the nonlinear perturbation from Appendix B.
Thus let

o 0,(t) =t—nif f(z,t,p) = f(p), or let
e 0,(t) be the function constructed in Section B.1 with 7 = —n and p = 0 if
flat,p) = fl,1).
Observe that, in either case, ¢, is well-defined on [0, 00), 6}, € (0,1] and therefore it
is invertible, §,(0) = —n and 6, (t) — t as n — 0, locally uniformly in ¢.

We define w(z,t) = u(z,0,(t)). As we showed above, the support of v, is
strictly increasing at ¢ = 0. Furthermore, the boundary data v on 0 is strictly
increasing in time and 6, (t) < t for all ¢ > 0. Since 6,'(0) > 0, let us define
Qn =X x (6,1(0), T], where ¥ was introduced above, and we have for all small
n>0

w=<v ondpQ,.

The comparison theorem 2.18 then implies w < v on @n, and thus u*(x,0,(t)) <
vy (x,t). By sending n — 0, we conclude u, < (u*). < v, on Q. Futhermore, clearly

u(z,t) < vi(z, 0;1(15)) on @Q x [0, 0,71(T)]7
which yields u* < (v4)* < v* on @ after sending 7 — 0. The argument repeated
with v and v swapped implies that the solution is unique.
Ezistence. We use the classical Perron-Ishii method [16]; see also [11,18]. Let
u=sup{w € S(f,Q) : w <V}, v:inf{weg(f,Q):wZU}.

Clearly v > U and v < V. Since (V*), =V and (U,)* = U, a standard argument
yields that u,u*,v,v. € S(f,Q). Moreover, because of the continuity of U and
V at 9p@Q we conclude that all these solutions have the correct boundary data.
Therefore, by uniqueness, if w € S(f, Q) with the correct boundary data, we have
Wy = Uy = Vs = (u*), and w* = u* = v* = (v,)*, and thus

(W) = wy, (wy)* = w",

which completes the proof. [
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The last step of the previous proof provides the following regularity.

Corollary 2.19. Let u be the unique solution of the problem (1.6) with data
satisfying the assumptions of Theorem 1.1. Then

(2.7) (us)* =u* and (u") = Uy
and
(2.8) Qus; Q) = Q(w; Q) = Q(u™; Q).

Proof. As was indicated above, (2.7) was shown in the last step of the proof of
Theorem 1.1.

Let us point out that Q(u) = Q(u*) is always true. It is enough to prove
that Q(u*) C Q(u.) since the other direction is obvious. Suppose that (§,0) €
Q(u*)\ Q(ux). Then there exists § > 0 such that Bs(&,0) N Q(u.) = 0 and therefore
ux, = 0 on Bs(&,0). However, (2.7) implies that u* = (u.)* = 0 on Bs(§,0), a
contradiction with the choice of (¢, o). O

3. IDENTIFICATION OF THE LIMIT PROBLEM

This section is devoted to the key step in the proof of Theorem 1.2, the identifica-
tion of a viable candidate for the homogenized velocity r(Du). The results are quite
technical, an unfortunate consequence of the employed arguments, and therefore we
first give a brief overview of the content of this section. We motivate the approach
by considering the one-dimensional case in Section 3.1. The numerical results there
suggest that the form of the homogenized velocity r(Du) is qualitatively different
from the time-independent case. In particular, it indicates that a simple closed
expression for r(Du) is not available.

Therefore we proceed with the identification of r(Du) by other means. We
follow the idea from [8,20] of using a class of certain obstacle problems. They are
introduced in Section 3.2, where for each scale € > 0, gradient ¢ and candidate r of
the free boundary velocity we set up a domain, an obstacle and define a subsolution
and a supersolution of an obstacle problem. The main feature of the solutions of the
obstacle problems is their natural monotonicity with respect to a family of scalings
and translations, Section 3.3. To quantify the viability of the homogenization
velocity candidate, we introduce a new quantity, called flatness, in Section 3.4, and
derive its basic properties. It measures how far the obstacle problem solutions
detach from the obstacle, that is, how “flat” they are.

The following three sections then cover three important results that build on
the definitions above. First, the local comparison principle, Section 3.5, improves
on the theorem of the same name from [21], and allows us to locally compare the
subsolutions of the obstacle problems with the supersolutions, away from the domain
boundary, even after the boundary values are no longer ordered, provided that the
flatness of those solutions is bounded with a certain rate. Section 3.6 then presents
the new cone flatness property, which is a consequence of our particular choice of the
domain for the obstacle problems, and which guarantees that the free boundary of a
given obstacle problem solution lies in between two nearby cones whose distance can
be estimated. Finally, the detachment lemma of Section 3.7, a direct consequence of
the cone flatness property, guarantees that if the flatness of a given obstacle problem
solution exceeds a certain value, the solution is separated from a significant portion
of the obstacle.
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These three results motivate the introduction of the two candidates for the
homogenized velocity in Section 3.8. We then deduce the semi-continuity of the
candidates and their coincidence up to the points of discontinuity, as explained in
Section 3.9. The main tools are the natural monotonicity of the obstacle problem,
the local comparison principle and the detachment lemma. In Section 3.10 we make
a brief detour to show that if the scaling in time is available, as is the case in the
time-independent medium, we can prove that the homogenized velocity is in fact
continuous and positively one-homogeneous, which recovers the results of [21] via
our methods.

3.1. Homogenization in one dimension. Let us first explore the homogenization
of (1.1) in one dimension. For simplicity, we take Q = (0, 00) and Qg = (—o0, ) for
some xg > 0. Furthermore, let g(z,t) : R x R — [m, M] be a positive, L-Lipschitz,
Z2-periodic function. Finally, we assume that the boundary data on 9Q = {0} are
given by a function ¢(0,t) = ¢ (t) > 0, ¥ € C([0,0)).

Let u be the unique solution of (1.1) with the above data. We observe that,
in this simple setting, Q(u;Q) = (0,z(t)), where z(t) is the position of the free
boundary 9Q(u) at time ¢, i.e., Q(u) = {(x(t),t) : t > 0}. Therefore the normal
velocity is simply V,, = /. Moreover, the harmonic function (-, ) must be linear on
(0,z(t)) with the slope |Du(z(t),t)| = ¢ (t)/z(t). Therefore, for every fixed € > 0,
the free boundary condition in (1.1) is equivalent to a simple ODE of the form

! _ Is(t) 1 "/"(t)
(3.1) {xg(t)_g( 1) 2

2:(0) = xo.

Due to the ODE homogenization result of [15] (see also [29]), x. — z locally
uniformly, where z(t) is the solution of

a'(t) = f(a(t), 1),
z(0) = xo.

The arguments in this paper then imply that f is of the form

fa(t),t) = r((t)/=(t)).

The function r(g) can be found numerically by scaling (3.1) and thus solving

2 (t) = qg (z(1),1),
(32) (t) (2(t),1)
z(0) = zo,
in some t € [0,T] for T large. Then r(q) can be approximated by z(T")/T. The
limit lim7_, o @ is independent of z( since we can squeeze any solution for xg # 0
between z(t) and x(t) + 1 using the comparison principle, and use the periodicity of
g.
Consider the medium

g(x,t) = sin®(w(x —t)) + 1.

Then for g € [1/2,1], z(t) = t + 7 Larccos /qg~! — 1 is a solution of (3.2). Thus
we see that r(q) = 1 for ¢ € [1/2,1]. If the boundary propagates in the opposite
direction, i.e., when g = sin®(7(—z — t)) + 1, this effect does not appear and r(q) is
strictly increasing. The situation can be even more complicated; see Figure 2 for an
example of this phenomenon.
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e

FIGURE 2. The graph of r(q) for g(z, t) = sin(2n(z—3t)) sin(27(2t+
x)) +11/10

3.2. Obstacle problem. This section is devoted to the introduction of the class
of obstacle problems whose solutions are the key tool for the identification of the
homogenized free boundary velocity r(Dw) in Theorem 1.2.

The obstacle problems lead to the following class of solutions: for every scale
e > 0, gradient ¢ € R™ \ {0} and candidate r > 0 of the homogenized velocity, we
define the solutions of an obstacle problem on R™ x R as

(3.3a) Uy, = (inf{u:u> P, on R" xR,uecS(g,Q,)}),,
(3.3b) Uegr = (sup{u:u< P, on R" xR, ue S(g°,Q,)})".
As a mnemonics, notice that u is above the bar in u.,, . because .., , is above the

obstacle. The obstacles P, , are the planar traveling wave solutions of the homog-
enized Hele-Shaw problem, and they are introduced in Section 3.2.1 below. The
domain of the obstacle problem, @, requires a special attention. It is constructed
in Section 3.2.2. After the definition has been clarified, the basic properties of the

solutions Uergr and TUg,q,, are discussed in Section 3.2.3.

3.2.1. Planar solutions. The homogenized Hele-Shaw problem with boundary veloc-
ity law V,, = r(Du) admits simple traveling wave solutions. We call them planar
solutions since each is a positive part of a linear function with gradient ¢ € R™ \ {0}
moving in the direction v := —¢/|q| with the normal velocity V,, = r(g). These
solutions serve as the obstacles for the obstacle problem (3.3) that will be used to
find a candidate of the homogenized free boundary velocity r(g).

For any ¢ € R™\ {0} and r > 0 we define

—q
Vi=—-,
lq]

where (s)4 := max(s,0) is the positive part. We interpret r as the velocity of the
free boundary

Pyr(@,t) := (lglrt + - q)y = gl (rt —z-v)

I'(Pyr) ={(z,t):rt=2-v}

and g # 0 as the gradient ¢ = DP, . Thus v is the unit outer normal vector to the
free boundary at every time.
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The following observation is a trivial consequence of the nondegeneracy assump-
tion (1.2).

Proposition 3.1. P,, € S(¢°) if
r<mlq|
and P, , € S(¢°) if
r=Mlql.
Proof. Use (1.2). O

In view of Proposition 3.1, we will often impose the following restriction on the
values of r and ¢ throughout the paper:

(3.4) q#0, mﬁfagM.
Proposition 3.2. For given q # 0 and r > 0 we have

P, (x—y,t—7) < Pyr(x,t) for all x,t if and only if y-v <rT,
and

P, (x—y,t—7) > Pyr(x,t) for all x,t if and only if y-v >rT.

Proof. The statement is obvious from the identity

gl (r(t =) = (@ ) - v) = lal (rt =z v) + |a| (v - v = 77),

and from the definition of F, .. To prove the only-if direction, consider x = 0 and ¢
sufficiently large so that the first two terms above are positive. ([

3.2.2. Domain. In this section we construct a class of space-time cylinders @), that
serve as the domains for the obstacle problem introduced in (3.3). The base of
the cylinder is chosen to be a cone with a prescribed opening angle and an axis in
the direction that coincides with the normal of the free boundary of the obstacle.
This particular choice of geometry will let us control how fast the solution of the
obstacle problem detaches from the obstacle at the lateral boundary of the domain
Qq- It is achieved by a comparison with the class of planar subsolutions and
supersolutions Rgﬁ constructed below. In fact, this is the main motivation for this
technical construction. With these barriers at our disposal, we can show that the
free boundaries of the solutions u.., . and ., must lie inside an intersection of
certain cones; see Proposition 3.8. The ability to control the boundary behavior will
be necessary for the extension of the monotonicity property of the obstacle problem
beyond the straightforward inclusion of domains. One of the main consequences of
this extra monotonicity is the cone flatness property, Proposition 3.20.
Throughout the rest of this section, we fix ¢ € R"\ {0} and r > 0 and let v = 1.

lql
For simplicity, we shall denote
Iy =T.(P,,).

Since the homogenization result is trivial when m = M, we may assume through-
out the rest of the paper that 0 < m < M. We define angles 6,6% € (0,%), and
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FIGURE 3. The cone , and the support of the sub/supersolution
boundaries at a time ¢

0~ € (0,%) as
[m
3.5 0= —
(3.5a) arccos 4/ -
(3.5b) o = g .y
(3.5¢) 0~ = g +0—¢, where ¢~ := arccos %

Note that indeed 0~ € (0, §) since ¢~ € (6, 5) by cosp™ = §; < /3 = cos¥.
Let Coney, g(x) be the open cone with axis in the direction of p € R™, opening
angle 26 and vertex z, that is,

Conepg(x) :={y: (y—x) -p> |y — x| |p|cosb}.
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Angles 6, 07 and 6~ then define cones Q,, C;” and C; for every t > 0,
Q= Cone, ¢(V),
Cy = Cone, - (V,7),
Cit i= Cone_, g+ (V,),
where V' = —v and the vertices VtjE are uniquely determined by the equality
(3.6) QNI =07 NTy =C NIy,
see Figure 3. Finally, we define the space-time cylinder
Qq := Qg x (0,00).

Remark 3.3. Since the positions of the vertices V;= of the cones Ci clearly depend
linearly on time, we can extend their definition to all ¢ € R as

VE =Vt +ritr teR,
where r‘f are constants and we call them the velocities of V;*. Note that V = er,l =
V7~ _, = —v due to (3.6) and the fact that V = —v € T'+(P,,,) at t = — 1. The velocities of

& can be found explicitly. Since the cones share a base, (3.6), we infer that (see Figure 3)

(r: —r)tandt =rtanf = (r —ry;) tand .

Since 0T = 5 — 0, tan ot = ta}qg holds and we have

r

i = 7(1 + tan® 0) = —r>r

cos20  m
We can similarly express the velocity r,, as

_ tan 6
=(1-— = .
Ty ( tan@*)r c%re(o,r)

The reason for this choice of domain @ is the result in Lemma 3.7 below. But we
begin with the following geometrical result. Let us introduce the set of all directions
of rays in 0Q:

(3.7 E={{eR": =1, & -v=cosb}

Proposition 3.4. For any given x € 08y, x # V, there exists unique { € = such
that x € Lg C 09y, where L¢ is the ray

(3.8) Le :={c{+V:0>0}.
Furthermore, there exist unique £~ and £ such that [¢%] = 1,
Lgft = {afi +VE:io> 0} C oCE
and
Lf,NLg={I;}  forallt>0

for some point I¢ ;. Let ngt be the unit normal to dCE on th with n* - v > 0.

There exist unique constants u*, r* and T* depending only on (q,r,m, M), and
independent of &, such that

(3.9) [y(RS)NOCT = L, for all t >0,
(3.10) Rf =P, on Le x [0, 00)
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where
(3.11) R (x,t) := P g (3,1 = ).

Proof. The existence of £, 1, £ is straightforward.
p* and r* can be expressed using the following geometric considerations.
By definition,
cosf =¢-v.
We introduce ¢* € (0,7/2) via cos ¢* = ¢ - n* and note that
(3.12) 9+=g+¢+—9, 9—:g+9—@—.
Observe that the point I¢ ; € L¢ NIy moves in the direction § along L¢ with the

velocity ry given as
r

cosf’
Since Rgi propagates in the direction n*, [p*| =1, and

{Ice4} = Lg, N Le = Ty(Rg) N OCH N L*
by condition (3.9), we must have I ; € Ft(Rgi) for all t > 0 and therefore
+
(3.13) rE =71 (€-nF) =rrcospt :r%.

The slope up, of Py, on L is
wr, = |q| cos@.

In (3.10) we require that this is also the slope of Rgt on Lg, i.e.,

75 lg| cos @
3.14 * = = :
(3.14) K cospt  cosp*

Finally, the constants T* are then fixed by requiring VTii = 0, and therefore, by
Remark 3.3,

1 1
+
T - X - —.
ry T
It is straightforward to check that Réﬁ defined with such unique choice of pu*, r*
and T satisfy (3.9) and (3.10). O

We complete the family of Rgi defined in (3.11) by introducing two special planar
functions:

(3 15) Ra_(xvt) =P, ,max(M|q|,r) (I,t),
R(T (.’13, t) = Pq,min(m|q|,r) (:I:a t)
Corollary 3.5. We have
Ry <Py, < Rg on Qg for all £ € ZU {0},
with equality
Rgt =P, on Leg x [0,00) C 0Qq for & € =,
R =P, att =0,

where L¢ was introduced in (3.8).
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Moreover,
(3.16) 216115) R > Py, > é122 RZ on Qg x [0,00).
Finally,
(3.17) N (&) =Cf, N %(Re)=C;  forallt>0.
£e= ==

Proof. Since the statement is obvious for & = 0 by the definition of R(jf in (3.15), we
fix £ € E. Let n be the unit normal vector to 92, on Lg C 0€,. Clearly n-£ = 0.
Define the half-space H := {z: (x —V)-n > 0} and observe that Q;, C H and
BQq NOoH = Lg.

Let us first show that P, , = Rét on 0H. We note that if x € 0H we can express
x—V =0f+y, wherec e Rand y-£ =y -n=0. Since {v,n",n~} Cspan{&, n},
and P, , = R? on L¢ by Proposition 3.4, linearity implies

P, (z,t) = Py (V+0l+y,t) =Py (V+0Et)
=Ry (V+0&,t) = R (x,t)  (x,1) € 90H x R.
Additionally, by linearity, since Vti € H for all t > 0, and
V;tJr Eﬁt(Rgr)\ﬁt<Pq,r)a Vi eﬁt(Pq,r)\ﬁt(Rg)a

we must have

R <Py, <Rf  on Hx[0,00)DQ,

3
and
R; > P, >Rf  on H® x [0,00).
Since for every (z,t) € Q2 x [0,00) there exists { € = such that z € H¢, (3.16) is
also proved.
To show one inclusion (D) of (3.17), we recall that by (3.9) and the choice

n* - v >0, we clearly have

Cf Ccu(RY),  Cf CO(R;), t>0.

To show the other inclusion (C) of (3.17), we only need to show that for any
x € R™ there exists £ € = that generates £+, n* as in Proposition 3.4 and x can be
expressed as

(3.18) z = atet + gt + VE,
and therefore clearly for such ¢ we have
r¢Cl & Bt>0 < Rg(x,t):O & x%Qt(Rg'),
xgéCT‘ & B7<0 & R(2t)>0 < ¢ QR,).
To find such ¢ for a given x € R", first observe that there exists y € 92, such
that £ = y + av for some a € R™. Since y € 0€,, there exists £ € = such that

y € L¢ and therefore z = 0§ 4+ av + V. Finally, we can write = as (3.18) since
{f, v, Vti — V} C span {¢*,n*}. This concludes the proof. O

The following geometrical observation, which shows a connection between the
cones CtjE and the planar functions Rgi, will be useful later in deriving monotonicity
properties of the solutions of the obstacle problems.
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Proposition 3.6. For fixed a > 0, the following are equivalent (all with superscript
either + or —):

(a) iaRét(a_lx, a"'t) < iRéE(a: —y,t—7) forall§ € E, (z,t) € R" X R;

(b) aC;t,lt C CE . 4y for somet € R;

(¢) y € Conew,, g+ (rETv + (a — 1)V5E) where 135 were introduced in Remark 3.3.

Proof. Clearly aRéjE (a'x,a~'t)is just a translation of Réi(a:, t) by scaling invariance,
therefore we can compare the planar solutions in (a) by comparing their supports.
In fact, we have

aV:t

a=1t

€ Ft(aR?(afl-,afl-))
by construction and
Qt(Rg:( - Y- - T)) = Qtf‘r(Rg:) + v,

for all £ € E. Therefore by Corollary 3.5 it is straightforward that (a) is equivalent
to

aVai,lt cCE +y for some ¢t € R.

This is clearly equivalent to (b) since aVajE1 , is the vertex of G,Cai,l ;- And it is also
equivalent to (c) if we take t = 0 and compute

(3.19) aVEeC* +y= Cone, o+ (VE +y).
Since VE = Vi¥ — rE7v by Remark 3.3, we can rewrite (3.19) as (c). (]
T 0 14

The main motivation for such an involved choice of the domain for the obstacle
problem is the following observation on the properties of functions R?.

Lemma 3.7. Suppose that q and r satisfy the condition (3.4). Then the choice of
the angles 0,0% in (3.5), depending only on 47, guarantees that

Rf €8(M)C8(¢g°) and R €S(m)CS8(g°) forall & € 2U{0},
where Rgi were introduced in (3.11) and (3.15).

Proof. The statement is obvious for Roi, by definition. For any £ € =, by Propo-
sition 3.1, we only need to verify r+ > Mut and r— < mu~. Recall that g and r
satisfy (3.4).

We first observe that cos ™ = 1 by (3.12) and (3.5b). Then, in order, (3.13),
(3.14), (3.5a), and finally (3.4) lead to

rt rocosfet  r M
pt gl cos28 gl m

which verifies that Rg' € S(M).

Similarly, (3.13), (3.14), (3.5a), (3.5¢) and (3.4) yield
r_rwsy _rmo_
= gl cos?0 gl M T

which verifies that R, € S(m). O
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3.2.3. Properties of the obstacle solutions. The basic properties of the solutions
Ue.qr and Uy of the obstacle problem introduced in (3.3) are gathered in the
following proposition.

Proposition 3.8. For any g € R™\ {0}, r > 0 satisfying (3.4) and any € > 0, the
following statements apply.

(a) E&;q,r S 3(gsﬁ Qq) and Qs;q,r € §(967 Qq \ (F(@a;q,r) N Fq,r));

(b) Tesq,r € S(9°,Qq) and Ueyg,r € S(9°, Qg \ (L'(Ueyq,r) NTg,r));

(c) (gs;qm)* > Uy > Py oand (Tesq,r)x < Uesgr < Pyr in R" xR, with equality
on (R" x R) \ Qq;

(d) Qt(ga;q,r) C Ct+ U Qt(Pqﬂ') and Q?(E&qﬂ") C Ot_ U Qg(PqJ');

(e) ey, € S(M,R" xR) and Ue,qr € S(m,R™ x R);

(f) Ueqr < infeezuioy Rg' and Ug;q,r > SUP¢czyqoy e on Qq.

Proof. (a) and (b) are standard; see [20, Lemma 4].

To prove (c), we recall the definition of th in (3.11) and (3.15). Lemma 3.7 and
Corollary 3.5 yield that max(qur,Rg') € 8(¢°,Q,) and min(P, ., R;) € 8(9°,Qq)
and thus, by definition,

(320) u..,, <max(F,, Rg'), Ugiqr > min(Py r, Rg) for all £ € Z2U {0},

€

which proves (f). Therefore Corollary 3.5 implies that
(@E;qm)* = Ueiqr = (Ue;q,r)x = Uesqr = Pyyr on (R™ x R)\ Qg,

and (c) is proved.
The result of (d) follows from (3.20), using the support property of th in (3.17).
Since ¢ and r satisfy (3.4), (e) follows from (a)—(b) and Proposition 3.1. O

Remark 3.9. Fix T' > 0 and a pair ¢,r that satisfies (3.4). We shall show that Uy r
coincides with the function defined on QT = Q, N {t < T},

v= (inf {u €eS¢,Q"):u>P,, on QT}) o
which is the solution of the obstacle problem considered in [20]. An analogous result holds
for Ue,q,r.

Indeed, v < u.,, ,. trivially, but also, since v < Rg' on @T, we can define for any s < T

the function
t t <
w(x’ t) — v(f’ ) — 87
Ry (z,t) t>s.

Clearly w € S(g°, Q,) and hence, by definition, Uy Sw=vfort<sforany s <T.

3.3. Monotonicity of the obstacle problem. The solutions u.., . and Ug,q,, of
the obstacle problem introduced in (3.3) admit a natural monotonicity property with
respect to the hyperbolic scaling and a change of scale e. Moreover, the periodicity
of the medium also yields the monotonicity with respect to translations by multiplies
of £, both in space and time. Since we have a control on how fast the free boundaries
of u.., , and Ug,q - detach from the obstacle at the parabolic boundary of the domain
Qq, we can extend the allowed range of translations. This is the main result of this
section. The second result is the monotonicity of u.., , and Uc,q in time.
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Proposition 3.10 (Monotonicity). Let ¢ and r satisfy (3.4), and let a > 0. Then
Qa;q,r(x7 t) < ailﬂaa;qﬁ (a(x - y)a a(t - T))

for all (z,t) € R® x R and for all (y,7) € eZ"*1 such that

(3.21) y - v > max(rr, M |q| 7), and  y € Cone, g+ (1@71/ + (a— 1)V0+),

where v, ViE and 6% were defined in Section 3.2.2.
Similarly,

ﬂs;q,r(za t) > ailﬂas;qm(a(m —y),a(t—7))

for all (z,t) € R® x R and for all (y,7) € eZ"*1 such that

(3.22)  y-v<min(rr,mlq|7), and y & Cone_,g-(r,7v+ (a—1)Vy ).

Proof. We shall show the ordering for %, the proof for u.., . is analogous.
Fix a > 0 and (y, 7) that satisfies the hypothesis (3.21) and define the cylinder

B =QqN(a™'Qq + (y,7)).
Let us, for simplicity, denote
v (2,1) 1= 0 Mge.qr(alz —y),a(t — 7).
Due to the eZ"*1-periodicity of g%, we observe that v® € S(¢°,a *Q, + (y,7)). We
immediately have
(3.23)  Pyo(w,t)> P (v —y,t—7)=a 'P.(alr —y),alt — 7)) > v*(z,t)

by (3.22), the scale invariance and Proposition 3.2.
Our goal is to show that

(3.24) Uegr > 0" on X¢  and Q") N C QUeiq.r)

since then we can apply Lemma 2.17 with Q1 = X, Q2 = @4, u1 = v* and ug = Ugyq,r
to conclude that u € S(¢°, @), where u is defined in Lemma 2.17. Because clearly
u < P, , by (3.23), we have by definition of U..,, that @, , > u > v* on ¥ and
therefore %4, > v* on R™ x R.

Let us prove (3.24). We can write ¢ = A; U Ay U A3 where A! := (Q,)°,
Ay = QuN (a7 +y)¢ x [1,00)) and Az := Q, N {t < 7}. We therefore prove
Ue.qr(x,t) > v*(x,t) for all (z,t) € £° by considering the following three cases:

e (z,t) € Ay: This case is very simple since Proposition 3.8(c) and (3.23),
yield

Ueiqr(2,t) = Py r(x,t) > v(x,t).

o (z,t) € Az: Observe that (3.22) implies Proposition 3.6(c) and therefore
Proposition 3.6(a) holds. We use Proposition 3.8(f), Proposition 3.6(a) and
(3.16), all properly rescaled, and estimate

Uesq,r(,t) > sup R (z,1) > sup a_le (a(z —y),a(t — 7))
£eE £eE

> 7'y (alw — y),alt — 7)) = 0" (@, 1).
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o (z,t) € As: Since 0 < ¢ < 7, Proposition 3.8(f) and (3.22) yield
ﬂe;q,r('r»t) > Ra(xvt) = ‘q| (m |Q‘ t—x- V)+

> al (r(t = 7) = (x = y) - v)4 = a™ Pyr(ale — y),at — 7))
> v (x,t).

Therefore we have shown the first part of (3.24), and the second part can be
inferred from the above estimates as well. Consequently, the argument using
Lemma 2.17 described above applies and we can conclude that %, > v* on
R™ x R. O

The second important result of this section is the almost obvious fact that the
solutions of the obstacle problems are increasing in time. However, in contrast to
[20], Proposition 3.10 only implies the monotonicity in time for multiplies of £ due to
the time-dependence of g. Here we present an argument using a nonlinear scaling of
the solutions, which also provides a lower bound on the speed of the free boundary.

Lemma 3.11 (Monotonicity in time). Let r and q satisfy (3.4) and let e > 0. Then

Qs;q,r(x - Y, tl) < @E;q’r(l‘, tg),
Ueyqr (T — Y, t1) < Teygr(, t2)

for any t; < te and x € R™, and y € R™ such that |y| < p for some positive constant
p depending only on m, L,e, t1,to.

Proof. Let us fix r, ¢ and €. We first prove the result for u := u_, .. Since we
have to compare solutions that are not necessarily translated by a multiply of €, we
cannot use the monotonicity of Proposition 3.10 directly. Instead, we will compare
w with its nonuniform perturbation using Proposition B.1.

First, assume that 0 < t; <ty <t; 4+ where v := 7. We shall define
(3.25) v(z,t) = inf yg;q)r(;v —y,0(t)),

yEBp(O)

where p will be a positive constant and 6(t) := 0(t;\) = X+ f(t; \) for some )
determined below. Function f(¢; A) is the function constructed in Section B.2 for
given parameters v (defined above), a = 1, and A > 0. Because Dp = 0 we set
a=a=1.

With these parameters, the expression for 6(¢; \) is simply

Ot; ) =t — W <Ae_§ei> ,
Y

where W is the Lambert W function. Therefore 6(¢; A) is well-defined on ¢ € [0, )]
and A € [0, ], where £ :=log ¥ + % —1 (we set tg = +00). Observe that ¢ is strictly
decreasing in A and positive for A € (0,7] with ty =0 at A = v and ¢y — 400 as
A — 04. Therefore for every ¢ > 0 there exists a unique A =: A\; such that t) = ¢.
From the properties of W, we observe that 0(¢;0) =t and 6(¢; A;) =t 4+ v for any
t > 0. By continuity and the assumption to € (t1,t; + ), there exists A € (0, Ay, )
such that 6(t1; \) = to. Since A < A, we must have t5 > t;.

Let us thus take (t) = 6(t; A) and consider u,., ,.(x —y,0(t)) for some y € R™ and
(z,t) € {t < t5}. Tt was shown in the proof of Proposition 3.10 that u_, .(z,t) <
Ugg (@ —y,t—T) on (Qq N (Qq + (y,7))° for all (y, 7) satisfying (3.21). Let us set

—€;q,T

7 = —\. There exists p > 0 such that (y, ) satisfies (3.21) for all y € B,(0). Since
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t+A < 0(t) for all t € [0, t5], the same argument yields u.., ,.(z,t) < u_., .(x—y,0(t))
on (Qq N (Qq + (y,7))°N{t <t5} for (y,7) € B,(0) x {—A}. Hence the argument
using Lemma 2.17 as in the proof of Proposition 3.10 (with Remark 3.9 for extension
of v for ¢t > ty) yields that u., .(z,t) <wu.,.(z —y,0(t)) for (z,t) € {t <t5}. In
particular u(z,t1) < u(z —y,0(t1)) = u(z — y,t2) for all y € B,(0), and that is
what we wanted to prove.

The proof for general 0 < ¢; < ty can be done iteratively by splitting [t1, t2] into
subintervals of length smaller than ~.

We skip the proof for .4, which follows the same idea, but is simpler. In
particular, it is unnecessary to restrict to < t1 4+ since f constructed in Section B.1
can handle arbitrary tranlations. O

For completeness, and as a consequence of the monotonicity in time in the
previous lemma, we also show that the solutions are harmonic in their positive sets.

Proposition 3.12. Let r and q satisfy (3.4) and let € > 0. The functions u.., (-, 1)
and (Ueq,r), (-, 1) are harmonic in Q4 (u,., ) NQq and Qi ((Ue,q,r)«) N8y, respectively,
for every t.

Proof. Since the claim is trivially true for ¢ <0, we fix 7 > 0. We first show that
U4 (- T) is harmonic in the open set £ := Q- (u.., ) N, For any w € LSC(E),
superharmonic in E, such that w > ga;qu(', 7) on OF, we define a new function on

Qun{t <}

o t) = {min (gE;q,T(x,t),w(x)) T € E,.
Ue.q.r(T,1) otherwise.
By definition of w, we observe that v € LSC(Q, N {t < 7}) and v € S(¢°, Q4 N
{t <7}). Therefore u.,,.(z,7) < v(z,7) < w(x) in E by definition of u_,,, and
Remark 3.9. We recall that ., .(-,7) is superharmonic in E, and therefore it is
the smallest superharmonic function, i.e., it must be harmonic.

Now we show that (Te.q,)«(-, 7) is harmonic in the open set E = Q- ((Ue.q,r)+) N2
First we recall that (Ue.,)«(+, 7) is superharmonic since .., € S(m,R" x R) by
Proposition 3.8. Let w € LSC(E) be a superharmonic function in E, such that
w > (Ueyq,r)«(-,7) on OFE. By the monotonicity in time, Lemma 3.11, and in
particular the positive speed of expansion, we observe that U..,,(x,t) = 0 for
x € T ((Teygr)s) and t < 7. Since Ugq,(+,t) is subharmonic in Q, for all ¢, we
must have Ue.q,(x,t) < w(z) for t < 7. Therefore, (Ue.q,)«(z,7) < w(x). Again,
(Tesq,r)« (-, 7) is the smallest superharmonic function and thus harmonic. O

3.4. Flatness. In this section we introduce flatness, the quantity that will be a
measure of how good our guess of the homogenized velocity r(g) is. More specifically,
it measures how far, for given ¢, g and r, the free boundaries of the obstacle problem
solutions u.., . and e, ., introduced in (3.3), detach from the free boundary of the
obstacle P, , up to the given time.

For n € R, denote
P(;’,T(x,t) = Py, (x —nu,t).

Note that P, represents a translation of P, in the direction v by distance 7.
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Deﬁnition 3.13. Forq#0,r >0 ande > 0, we define the upper flatness @, .(7),
, the flatness of u up to time T € R as

e;q,r
O, (1) =inf{n:u.,, <P in{t<t}}.

Similarly, the lower flatness ®..,,.(7) is defined as the flatness of Ue.q, up to time
TER,

By () = inf { Uy, > Py i {2 < 7}
We say that u..,, (resp. Teyq,) is n-flat up to time 7 if ®_, (1) < 1 (resp.
(D@q,r( ) < ?7).

The flatness is Lipschitz and monotone:

Proposition 3.14. Let g € R"\ {0}, » > 0 and € > 0. Then for anyt € R, h > 0,

Qa;q,r(t) < (baqr(t_'—h’) Q (t)+h(M‘q| _T)+7
6E;q,r(t) < q)a;qm(t +h) < 6 () +h(r —mq|)+
are nondecreasing and Lipschitz continuous.

In particular, ®cq,r and @, .

Proof. ®.. g and .
To show the upper bound for &
assume that r < M |qg|, otherwise u

are clearly nondecreasing from their definition.

(tr + h) for any 7 € R, h > 0, we may

—=€;q,T = Lg,r and S0 (I)Eqr(T + h) = Qe;q,r(T) =
U, With an appropriate translation of RJr =

Py niq|> using the fact that u_, (-, 7) < P,(-,7) and the identity P prq (-, h) =

Pq(qul T)h(-, h). Similarly, the upper bound for ®.., ,.(7+h) follows from comparison
with a translation of Ry = Py (g O

—€1q,T

0. We only need to compare u

Finally, we can always find a point on the free boundary of .., ,. or U, whose
spatial distance from the free boundary of the obstacle is exactly equal to the flatness
at the given time.

Lemma 3.15. Let ¢ € R*"\ {0}, » > 0 and ¢ > 0. Let 7 € R. Then for
any n € (0,2, ,.(7)] there exists (¢,0) € T'(u.,,,) such that (-v = ro +n and
@, @t) < foralt < o Similarly, for any n € (0,®cq.(7)] there exists
(¢,0) € I(TUesq,r) such that (- v =rc —n and @eyq r(t) <n for allt <o.

Proof. We will show the proof for u.., ., the proof for U, is similar.

Let us define T' = sup {t <7:®_,.(t) <n}. Clearly T € (0,7]. Moreover,
by continuity, ®_. .(T) = 1. We clalm that we can find (¢,0) € Q°(P],) N
Q(u.,,,) N {t <T}. If such point does not exist, we must have dist(2°(P},.) N
{0 <t <T},Q(u.,,)) > 0and therefore there exists § € (0,7) such that Q°(PJ,-%)N
Qu..,,) N{t <T} =0. Since P, is harmonic in its positive set, it follows that
Uegr < P(;],ré in {t <T}. But that is a contradiction with ®_ . .(T) = n >
n — d. Therefore ((,0) exists and we observe that ((,0) € T'(u, NLpP) N
{0<t<T}.

aqr)
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3.5. Local comparison principle. An important tool in the analysis of the behav-
ior in the homogenization limit is the local comparison principle. In contrast to the
standard comparison principle, which requires ordering on the parabolic boundary
to guarantee ordering in the whole cylinder, the local comparison relies on the extra
information about flatness of solutions in the sense of Definition 3.13, and therefore
allows for solutions to cross on the lateral boundary but still guarantees the ordering
of free boundaries for a short time in a small region far from the boundary. This is
a generalization of a result that appeared in [20,21] (with 8 = 1).

Theorem 3.16 (Local comparison principle). Let 8 € (%,1), ry > 1o > 0 and
q1,q2 € R™ such that a3q1 = go for some a > 1.
Then there exists g = €o(r1, r2, |q1], lg2| ,m, M, n, B) such that

max (Peiq, r, (1), @ (1)) > fore<eo.

) =E€iq2,T2

In other words, Uz, r, and u cannot be both £ -flat up to time t = 1 for any

e <¢gp.

€;42,72

Before proceeding with the proof of Theorem 3.16, we first present a simple result
on the nondegeneracy of u.., .. This is an improvement of Corollary A.5 when we
also know that u.., . is P -flat.

Lemma 3.17. For given ¢ € R™ \ {0},7 > 0, there exists a positive constant
c=c(r,|q|,M,n) such that if &_, .(T) <n, for some e,1,T >0, then

2
u.., . (x,t) > L
n

Yesq,r
for every 0 < p <n and (z,t) such that B,(x) C Q(u.,,) Ny, t <T.
Proof. Let cg = cg(n) be the constant from Harnack inequality such that if ¢ > 0,
harmonic in B (0) then inf§1/2(0) Y >chy SUPE, ,(0) .

Let us denote u = u,,, .. Fix (£, 7) such that B,(&) C Q,(u) N Qq. Then we have
two possible scenarios:

(a) &-v <77+ §: We estimate

p p p_ ld o
ul§ =51 T) 2 Por(§ = 517) 2 gl 7 2 q
(b) &-v > r7 + 4: In this case necessarily r < M |q|, otherwise u = P, ., a

contradiction. We have u € S(M,R™ x R) by Proposition 3.8 and u is
nondecreasing in time by Lemma 3.11. Due to the flatness assumption
D r(1) <, u(-,t) =0on B,y for t <7 — 1. Consequently, Corol-

Zeiq,r
lary A.5 implies
P’ r e

sup u(-,T) > = —.
B,/a(6) 32nM1T  32nM n

Since u(-, 7) is harmonic in Q- (u) N Q4 D B,(§), the Harnack inequality, properly
rescaled, yields

A Y
u(&,7) > cgmin [ — —. [l
(&7) = en <4’32nM n

An important tool in the proof of the local comparison principle is the nonuniform
perturbation in space, see Section B. We will construct a particular radius p(z) in
the following lemma.
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Lemma 3.18. There exists R > 0 and a smooth, radially symmetric function
p: B2r(0) \ Br(0) — [1,6] such that pAp > (n —1) |Dp|* in Byr(0)\ Br(0), p=1
on OBag(0) and p > 5 on Bry1(0) \ Br(0).

Proof. Let ¢ be the radially symmetric smooth positive solution of

A@Q—n =0, in By \El
p=1 on 0Bs,
p==6 on 0B;.

It was observed in [5, p. 148] that ¢ satisfies pAp > (n — 1) |Dy|?>. Moreover,
note that also the rescaled function ap(bx) satisfies the same inequality for any a, b
positive. By continuity, there exists § > 0 such that ¢ > 5 on By,s \ Bj. Define
R = 1/§ and p(z) = p(dx) on Bag \ Bg. It is straightforward to verify that p
satisfies the properties asserted in the statement and the proof is finished. [

The following technical lemma shows that the closure of a time-slice of Q(T..q.,)
is the time-slice of the closure, a fact that will be used throughout the proof of the
local comparison principle and that allows us to work with simple time-slices of a
subsolution with nondecreasing support.

Lemma 3.19. Let u € S(M, Q) be a bounded subsolution on @ for some M > 0
and Q = E x (t1,t2), E C R™ open, and assume that Qs (u*) C Qq(u*) for all t,s
such that t1 <t < s < tg. Then for any (x,t) € Q we have

x € U (u*; Q) if and only if (x,t) € Qu; Q),
or, equivalently,
Qu(ur;Q) = X(uw; Q).

Proof. Since Q(u) = Q(u*), we can WLOG assume that u = u*. Let (£,7) € Q. It
is clear that if £ € Q, (u) then (£,7) € Q(u). Now suppose that (&,7) € Q(u) N Q.
By Definition 2.3(i) and the monotonicity assumption, (§,7) € Q(u)N{t <7} C
Q-(u) x {t <7} O

Proof of Theorem 3.16. The proof proceeds in a number of technical steps.

Suppose that such €g does not exist and both ug,q, , and u.,,, ,, are eP-flat up to
time ¢ = 1 along some subsequence of € that converges to 0. We will show that this
leads to a contradiction with the comparison principle for the Hele-Shaw problem
for € sufficiently small.

(1) Setup. Let a := %, and observe that, since 8 € (4/5,1),

(3.26) 2-28<4-48<a<B.

First, for fixed € > 0, we introduce notation that will be used throughout the
proof. Symbol ¢ with a subscript will denote quantities independent of ¢.
We shall use multiple perturbations of the subsolution . g4, »,. Throughout the

proof, v = L‘ﬁ = I_T(ﬁ' Let us denote A := 6 and define the constant

(3.27) v = %min <Tg(a1/2 -1), ;)
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and a translation

& € argmin [£].
ceez™
Ev<—e
Clearly |£o| < me. For A € [0, A], we define the perturbations
’Z,L)\ (Iv t) = Eup aﬂs,ql,rl (y - é.Oa t)7
yEB)\.YE (I)
where By(z) := {x~} for simplicity. The choice of v and &y, and Proposition B.1 imply
that u* € S(¢°%,Q), where Q := {(z,t) : Bint1)e(z) x {t} C Qq}. Furthermore,
since v < & we note that u* < Puq, ,, for all A € [0, A].
Next, we introduce the time

3e”
T:= = cre’ > 0.
rL—Tr2

If € is small enough so that 7" < 1 then v* and v will be (¢® + ne)-flat and °-flat,
respectively, up to time ¢t = T, and if also £® > ne > |¢, - v| then the free boundary
of u* must completely overtake the free boundary of v by time 7.

Finally, we choose the constants o1, 02 as
_ Salgf+1 5

02| — alq]
oo :=Tr; = 0025/3.

o1 : Calgﬁa

Let us also denote o := 01 + 05 and remark that o = ¢,&?. The motivation behind
this particular choice of oy is the fact that

(3.28) v(x,t) — uMx,t) > Py oy (2,1) — Pagy ry (2,) > €°
for x-v < —oq, t €[0,T], A < A. Similarly, o5 is motivated by

— — .8
(3.29) Q(Pagy ) U Qt(PqEZ’TQ) Clz:z-v<o9}

for t € [0,T1], i.e. the free boundaries of U..q r, and will be contained in

{z:0<x-v<o9}fortel0T]

Ue 392,72

(2) Fast-shrinking domain. For a point x € R", we define 2 to be the component
of = orthogonal to v,
1

zr=z—(z-viv=(I—-vevz.
By symbol Cyl(p;n1,7n2) we shall denote the open space cylinder of radius p with
axis parallel to v, between the hyperplanes {z : 2 -v =} and {x: - v = 12},
Cyl(psma,me) = {a s |2t < p, m <w-v <m}.
Let us define a “fast-shrinking” domain 33, whose each time-slice X; is the cylinder
S Cyl(ps(t); —o1,02) t >0,
t 1=
0 t <O0.

with radius

tanf  _
(5> (t) = 9 —& 7t

where 6 is the opening of the cone ), defining @, introduced in (3.5a). In particular,
the radius px(t) of the cylinder ¥; shrinks with velocity e~®. Furthermore, if ¢ is
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small enough, we have ¥ + (B(,41)c X {0}) C Qq, which also implies u* € S(g°, %)
for A € [0,A]. Additionally, 3; # () for all ¢ € [0, T] since, as « < 8 by (3.26),

_ tand tan 6

e T = — e >0 for € > 0 small.

p=(T)

Finally, we need to fix a small time step 7,

2.2
5
v 6275.

3.30 S
(3:30) 4 dnao |q1| M ¢

Let us explain how such choice of 7 guarantees that, for A € [0, A], the support of
u? cannot expand by more than e from time # — 7 to time ¢ for any € [7,7] in

the sense
(3.31) Q) CQ;, (u) + B,e s e[t -1
This follows from a straightforward application of Corollary A.6, on the parabolic
cylinder
E= {(a:,t):fal <x-v, t>tAf7'},
taking advantage of the bound
(3.32) uMz,t) < Pogy .y (2,8) < a|q|o =:cxe?,

valid for z - v > —o; and ¢ € [0,T] due to (3.29).

(3) Boundary crossing point. With these definitions at hand, we proceed with
the proof. As we observed above, since ne < ¢ if ¢ is small enough, u” is (¢” + ne)-
flat for any A € [0, A], and v is e’-flat, the choice of & and T guarantees that the
supports of u* and v are originally strictly ordered, but will cross each other before
the time T in the domain X. So let £ be the first time that the boundaries of u°
and v touch in X, i.e.,

tr=sup{s: Qu’)NQW)NTN{t<s} =0} <T.

Observe that £ > 7 since gt(us) cannot advance more than e in time 7 by (3.31).
We claim that the set Q;(u®) N Q% (v) N'Y; is nonempty. Indeed, if that were not

the case, dist(Q;(u”), 25(v) N X;) > 0 because the first set is closed and the second
one is compact. Therefore, there exists § > 0 such that the distance is positive
for t < £ 4 & by Corollary A.6 and the monotonicity of Qf(v) N Y, which yields a
contradiction with the definition of #. Let us thus choose

&€ Q) NQ(v) NSy

We will show that the existence of such point leads to a contradiction with the
comparison principle for the Hele-Shaw problem since u° and v were strictly separated
on a much larger domain ; _ at time t = — 7.

To make this idea rigorous, we introduce the cylinders

S’i = Cyl(p17 —01, 02) for i = 17 27
(see Figure 4) with radii

- CK —
p1 = pu(t—7) = 27e, p2 = p1— <CN€26 2+ 2) coe”,
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]V {z-v<—01}

FIGURE 4. Arrangement of cylinders

where constant ¢y is specified below in (3.35). We point out that if ¢ is small
enough, we have

(3.33) p2 > px(t) + 2Ro,
where R is the constant from Lemma 3.18, since

pu(t—7)—ps(l) =16 =¥ P> pa(f—7) - p2+2R0  ife<1
due to (3.26). In particular, we have

Eg_T 58 D85 D Zf’
see Figure 4. - - -
Now we consider function u?. First, clearly Q;(u’) = Q;(u?) + Bs,c(0). The

definition of # yields Q;(u®) N Q¢(v) N = () for t < £, and thus, in particular,
(ﬁi_T(UQ) + B3,:(0)) N Q. _(v)Ny;_,. =0.

As Qf(v) cannot expand (due to the monotonicity, Lemma 3.11), and the positive set
of u? cannot expand by more than ~¢ in time 7, in the sense of (3.31), we conclude
that

(3.34) (Qi(u?) + B2, (0) NQS(v) NSy =0 t€[0,1].
Let us define the closed sets
At = (ﬁt(u2) +§’Y€(0)) ﬁgl te [O,ﬂ

Due to the nondegeneracy of v (Lemma 3.17 applied with 7 = €% and p = ve), we
observe that

(3.35) v(z,t) > c(ry, |qa|, Myn)y2e? P =cne®™? € Ay, t€10,1],

where ¢(r2,|q2|, M, n) is the constant from Lemma 3.17. Consider the function

wh(z) = % defined on A;. Function w! is subharmonic on A; for all

t € [0,7] since v(-,t) is superharmonic in int 4; as A* C Q,(v) N Qy, and u?(-,t) is
clearly subharmonic in int A;.

Our goal is to apply Lemma C.1 to function w?. Since ¢ is small, we have
e? > ene?7P and thus w! < —1on 94, N{x :x-v = —0o1} by (3.28). Additionally,
u? =0 on 0A; NS, by definition of A, and therefore w’ < —1 on 04, N S;. Finally,
by (3.32),

u2 CK
wh< < K202 o4,
cNe2=P T ey
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Therefore Lemma C.1 implies that w' < 0 on the set Sy N {x : |[z*| < p} }, where
P} is given by

c
Pl =p1—ecr <K52B_2 + 2) coel,
CN

and p’ > p by the choice of p; and py. We conclude that w! < 0 in Sy N A, for all
t € [0,], and therefore, with (3.34),

(3.36) u? < v in Sy x [0,1].
Let R and p(z) be from Lemma 3.18 and define
A1

Zy =2 + (02 + Ro)v

and

p(z) :=vep (z JIW) on Ay := Bopo(2,) \ Bro(7y).

Let us set ¢, = maxg, o)\ p,(0) PPl < 0. Clearly

max |Dy| = lscp = C—p’yslfﬁ.
a, o Co
Hence for £ small enough we have
(3.37) (1 — max |Dy|) "2 < a'/2
ALP

Moreover, o3 < o yields & € B(p41) (%) \ Bro(#,) and hence, by the definition of
p, we also have p(Z) > 5ve.

(4) Non-uniform perturbation. In the final step, we consider the nonuniform
perturbation u¥ of u..q 1,

UL’O(ZIZ,t) = sup aﬂ&;aqhh (y - §Oat) (I,t) € AAP X (O7ﬂ
yeEw(m)(I)

This function is a subsolution u¥ € S(¢°, Q,) on Q, := A, x (0,7] for all ¢ small
enough so that (3.37) holds, due to Proposition B.1 and the choice of « in (3.27).
We want to show that u® < v on the parabolic boundary dp(A, x (0,7]) to be
able to use the comparison theorem for the Hele-Shaw problem:
e u? <von A, x {0} by the choice of &, which implies u* < v on A4, x {0},
and u? < uh.
e Qu¥;Qy) N (0Brs(z4) x [0,4]) = 0 since Bry(zy) C {z:2-v > 02}, re-
calling (3.32) and (3.29).
e To show u¥ < v on dBag,(z,) % [0,%] w.r.t. Q,, we split dBag,(z,) into
three parts. By construction of Sy and (3.33), we have

OBopo(zy) C{r - v < -0 }USyU{z:2-v > 02}

But the strict separation u¥ < v follows from u¥ = u! on 0BsRro(x,) * [0, i,
and then (3.28) for the first part, (3.36) for the second part, and (3.32) with
(3.29) for the third part.
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Therefore u® < v on Ay, x [0,#] by the comparison theorem, Theorem 2.18. This is
however a contradiction with

& e Q(u?) N Q% (v),

since u?(#,%) > 0 due to # € Q;(u°) and ¢(#) > 5ye. This finishes the proof of the
local comparison principle. O

3.6. Cone flatness. In this part we show that the positive and the zero sets of the
obstacle solutions u.., . and Uc,q, cannot form long, thin fingers in the direction
orthogonal to the obstacle, and, on the contrary, that their free boundaries are in
fact in between two cones that are ~ ¢ |In €|1/ 2 apart. We refer to this property as
cone flatness. 1t is a consequence of the monotonicity of the obstacle problem and
our particular choice of the domain @), for the obstacle problem that allows us to
control how fast the free boundaries of .., , and %, detach from the obstacle at
the boundary of the domain 4; see also the discussion in previous sections.
We have the following result:

Proposition 3.20 (Cone flatness). Let ¢ and r satisfy (3.4) and let T > 0. There
exist positive constants K and g, both depending only on (n,m,M,|q|,T), such
that for any (¢,0) € Q(u..,,.), 0 <T and e < &g

Cone, g+ (¢ + Kz [Inel'/? 1) x (—00,0] € Q(u,,,),
and similarly for any (¢,0) € Q(Ueyq,r) and € < g
Cone, g- (¢ + Ke |1n5|1/2 v) X (—00,0] C Q(Ueyqg,r)-
(Note the different opening angles 0% and 6, introduced in Section 3.2.2.)

Proof. Before proceeding with the detailed proof let us give its brief outline. We

use u to denote either u.., . or (Ueq)+-

Step 1. A supersolution u € S(m, @), harmonic in its positive set, can be bounded
from above using Proposition A.2.

Step 2. The monotonicity property, Proposition 3.10, implies that u is in fact small
in the whole cone.

Step 3. A barrier prevents u from becoming positive too far from the boundary of
the cone.

Step 1. For the sake of brevity, let us denote u = u.., .. By Remark C.5 there
exists A = A(n,07) > 0 such that

(3.38) Cone,, g+ () C (Cone, g+ (ac))::E + B (0) for any x € R", € > 0,

where the notation ::e is introduced in Definition C.2.

Pick (¢,0) € Q°(u) N {t <T}. Note that u is in S(m,Q,), nondecreasing in
time by Lemma 3.11 and harmonic in Q;(u; Q) by Proposition 3.12. Therefore
Proposition A.2 yields

Cle—¢’ _ O X
m o—t — mo—t

(3.39) u(z,t) < for all z € Bx.(¢), t < o.

Step 2. By the monotonicity result of Proposition 3.10, we have
(3.40) u(z +y,t) <ulz,t—e)
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for all (z,t) € R™ x R and
(3.41) y € (Cone, g+ (cev)) ™,

where ¢ = max(M |q|, 7).

(3.38) implies Cone,, g+ (cev + () C (+ (Conel,’(yr (csu))::s + B):(0) and therefore
for any « € Cone, g+ (cev + () there exist z € Bx.(¢) and y satisfying (3.41), and,
combining (3.40) and (3.39), we obtain

(3.42) w(z,t) =u(z+y,t) <ulz,t—e) <

Step 3. Let us now choose p satisfying

mu? B
M~ e
i.e.,

p=K \lnz€|1/2 €.

Hence, provided that ¢ < g9 = £9(T"), we have

'm.p.2
(3.43) € (e 2nMCOAZZ — 1) =e(e?2-1)>T.
We choose K such that for all £ < gq

dist (Cone,,,9+(K [In 5|1/2 ev),0Cone,, g+ (csz/)) > L.

Consequently, whenever ¢ € Cone, g+ (¢ + Ke |1n€|1/2 v) we also have B, (§) C
Cone,, g+ (¢ + cev) and therefore the bound (3.42) for u holds in B, (£) x [0, o]. Since
o < T and (3.43) holds, we set A = Ci‘;EQ and apply Corollary A.7 to conclude that
w(&,t) =0 for t € [0,0]. This finishes the proof for v,

The proof for U = .., is analogous since u € S(m, Q) due to Proposition 3.8(e),
(We;q,r)« is harmonic in the positive phase by Proposition 3.12, and the correct
monotonicity holds due to Proposition 3.10 with a cone Cone,, g-. (]

€;q,7"

Remark 3.21. The statement of Proposition 3.20 can be reversed in the following sense:
For g, v, T, K and o from Proposition 3.20 we have that if (¢,0) € Q(u_,, ), ¢ < T and
€ < go then

(3.44) Cone_,, o+ (¢ — Ke |ln5|% v) X [o,+00) C Qu,.,,.)-

The proof is very simple: suppose that the inclusion (3.44) is violated, i.e., we have
(¢,0) € Qu,,,,.) for which there exists (y, s) that belongs to the left-hand side of (3.44) but
belongs also to Q°(u,,, ,.). Since s > o, the monotonicity in time, Lemma 3.11, implies that
(y,0) € Q°(u.,,,) and we can apply Proposition 3.20 and conclude that (¢, 0) € Q°(u,.,,,.)
since £ € Cone, p+(y + Ke|ln e[/ v). But that is obviously a contradiction. A similar
reflection argument applies for Te,q,» as well.

Since it is easier to work with a ball instead of a cone, we also formulate the

following consequence of Proposition 3.20.

Corollary 3.22. Let q and r satisfy (3.4) and let A\ > 0 and B € [0,1). There
exists g = eo(n,m, M, q, \, B) such that for all € < e¢ the following statements hold:
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B)\E(<70—> fp",) :

P
> IA i E8)

Aer ne + Ke |1n el

F1GURE 5. Construction of the outlying ball in Corollary 3.22

o if & (1) > 2P then there exists ((,0) such that ( -v = ro + 1&P,

=e35q,7

@, ,.(c+Xe) <€ and

Zeiq,r
By:(¢,0) C Q(ga;q’,,) NQyN ctn{t<i}

o if g (1) > 2P then there exists (C,0) such that (- v = ro — 1eP,
Dy (0+Xe) <P and

Bo(¢,0) CQ(Ueyqr) NQqeNCHN{t < 1}

Proof. Fix q and r. For T'= 1 we have constants g and K from Proposition 3.20.
Let us define

A
sinf+t’

Because 8 < 1, we may assume, making g smaller if necessary, that for all £ < g

(3.45) n :=inf {s: Bx(sv) C Cone, ¢+ (0)} =

1 1
(3.46) max {7‘/\5 +ne + Ke |ln 5|5 ,2Xe(M — m) \q|} < gsﬁ.

Lemma 3.15 provides a point (,6) € 09Q(u,., ) such that (=ré+ 2¢f and
P, ,(6) = 2. We define

=eiq,r
~ 1 8 R
Cz(—i—(r)\a—gs v, o=0+ ).

Clearly ¢ - v = ro + 3¢”. Furthermore, due to (3.46), the definition of 7 in (3.45)
and Remark 3.21, we have

By.(¢,0) € Cone_,, o+ (Qc — Ke |ln5|% V) X [6,+00) C Q(Eg;q,r)»

see Figure 5. Since By ((,0) C Q°(P,,), Proposition 3.8(d) implies B.(¢,0) C
Q,NCH.
Finally, Proposition 3.14 and (3.46) imply that

@s;q,r(a + )‘6) = ge;q,r(& + 2/\6) <o (6—) + 2)‘5(M |q| - T)+

—Eiq,T
5 3
< geﬁ +2Xe(M —m)|q] < 15'8.

In particular, ®_, (0 +Ae) < e? and o+ \e < 1, that is, Bx-(¢,0) C {t < 1}. This

finishes the proof for u.., .. The proof for U, is analogous. O
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3.7. Detachment lemma. The main consequence of the cone flatness property of
the previous section (Proposition 3.20), combined with the monotonicity of solutions
across scales (Proposition 3.10), is the detachment lemma, presented in this section.
Heuristically speaking, we can conclude that if the solution of the obstacle problem
is not e7-flat on some scale, the boundary of the solution on a smaller scale is
completely detached from the obstacle by a fraction of €® on a substantial portion

of Q.

Lemma 3.23 (Detachment). For every q and r satzsfymg (34) and 5 € (0,1),
there exist v € (0,1) and g9 > 0 such that for p:=

1+r2
o if O, (1) > 155 for some € < gq then
(3.47) Uyeiqr =0 in  B.es(rv,1);
o ifd_,.(1)> 38 for some e < g then
(3.48) Uyergr > 0 in  B.es(rv,1).

Proof. We give the proof for u The proof for Te,q, is analogous. The basic idea

=e;q,r"
of the proof is quite straightforward. If u_., . is not ef-flat for sufficiently small ¢,
the cone flatness proposition implies that there must be a ball of sufficiently large
radius Ae with a center still 255 away from the obstacle in the direction of v, and
Up.q - 18 positive on this ball. Then by looking at a smaller scale e, v < 1, and using
the monotonicity property, we can cover the ball given in (3.48) by the translates of
the rescaled ball of radius yAe and conclude that u must be positive in that
set. These translates cover the ball B.,.s(rv, 1).

For any v € (0,1), let us define the sets

E:= {(m,t):x'V:rt+;5ﬂ}ﬂQqﬁ{t<1},

2yeiq,r

He={(zt):z-v<rth, 8 = [(1 - 7)64_} n{t> o0}

Recall that if —(y,7) € HN S, then (y, ) satisfies (3.21) (with a = 7).
We set A = \/n + 1 and note that the choice of \ guarantees Z"*t! + B, = R**+1.

We set p = m and observe that

Boyup(rv,1) C Byu,(rv, 1)+ H C H + %(V, 0)

for any p > 0.
Take ¢¢ from Corollary 3.22. By making ¢ smaller if necessary, we can assume
that

e < /J,E’B for e < gg.
This guarantees, since —yE C H — Z¢’(v,1), that
(3.49) Byes(rv,1) + Byac(0,0) = vE = B, e 4q2: (10, 1) = vE C H

for all v > 0, € < g¢.
We claim that we can find v € (0, 1) such that, for all € € (0, &),

(3.50) Bes (rv, 1) + Byx(0,0) — vE C S,,.

This is indeed possible by choosing v small, because the set on the left-hand side is
bounded, contained in a ball B,g(rv,1) for some R > 0, independent of ¢ < 1, and
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(rv,1) is in the interior of S, for all v < 1. Such choice of v and ¢ that provides
(3.49) and (3.50) then assures by Lemma C.3 that

(3.51) B, o (rv,1) C (S, N H)™® 4+ Byx:(0,0) + (¢, 0)

for any € < g9 and ({,0) € F, where the notation ::ve is introduced in Definition C.2.
By Corollary 3.22 we can find ({,0) € E such that

(3.52) Ue.qr > 000 Bre(C,0).

Additionally, any (y,7) € —(Sy N H)*7¢ satisfies the condition (3.21) with a = v
and also (y,7) € yeZ"*!. Hence, by the monotonicity proposition 3.10,
r+y t+T
g'y‘f;‘;q,r(l‘vt) 2 Vleiq,r < v ) ~ > >0
for all (z,t) such that y=! (z + y,t + 7) € Bao((, 0); this can be rewritten as
(z,t) € (SyNH)* + Byx:(0,0) + (¢, 0).

> 0in B,,.s(rv,1) by (3.51). O

Therefore ...,

3.8. Homogenized velocity. By now we have laid enough groundwork to be able
to introduce reasonable candidates for the homogenized velocity r(Du). The two
main items in our toolbox, the local comparison principle (Theorem 3.16) and the
detachment lemma (Lemma 3.23), both work at the critical flatness rate ¢” for 3 in
the interval (3,1).

We therefore fix an exponent 8 € (%7 1) in the rest of the paper and make the
educated guess that if r is a good candidate for the homogenized velocity at a given
gradient ¢ € R™\ {0}, then the flatness of both u.., , and u.,, , decreases faster than
ef as ¢ — 0+. This consideration leads us to the two candidates for the homogenized
velocity: given ¢ € R™\ {0}, we define the lower and upper homogenized velocities

€;9,T

(3.53a) 7(q) := sup {r > 0: limsupe ?®_,, (1) < 1},
e—0
(3.53b) r(q) := inf {T >0: lilglj(l)lp sfﬁQE;qﬂ.(l) < 1}.

If ¢ = 0 we set 7(0) = (0) = 0. Heuristically speaking, if r > 7(q) then %, , does
not have e”-flat free boundary up to time 1 for a subsequence of € converging to 0.
Similarly, if » < r(g) then Ug,q » does not have ef-flat free boundary up to time 1
for a subsequence of € converging to 0.

In this and in the following subsection we show that the two candidates 7 and r
give rise to the same homogenized velocity r (in the sense of Proposition 3.27). In
this section we show that they are well defined and satisfy some basic monotonicity

properties.

Proposition 3.24. For all ¢ € R™, the homogenized velocities 7(q) and r(q) intro-
duced in (3.53) are well defined. Moreover,

7(q) € [m|q|, M |ql], r(q) € [m|q|, M |q]].

Proof. We will show the statement for 7(¢), the proof for r(g) is similar.

First, we consider r € (0,m|g|]. Due to Proposition 3.1, P, , € S(¢°,Q,) and
therefore g4, = P, by definition. In particular, 65;(” = 0 and we conclude that
7(q) = m|ql.
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On the other hand, if r > M |q|, we can find 73, g2 such that ¢z = a3q for some
a>1and M |g| =ry <. Since Py, ., € S(¢°,Qq), we now have u_, . = Py, r,,
which is e#-flat for all ¢ > 0. Therefore, by the local comparison, Theorem 3.16,
there exists ¢ such that %, , cannot be eP-flat for any € < 9. We conclude that

7(q) < Mgl O
7 and r also enjoy the following monotonicity property.
Proposition 3.25. For any a > 1 and g € R™ we have
7(q) < 7(aq) r(q) < r(aq).
Proof. The statement is trivial for ¢ = 0. Hence we assume that g # 0 and a > 1.
Suppose that 7(¢q) > T(ag). By definition of 7, there exists r with 7(¢) > r > 7(aq)
and g9 > 0 such that limsup,_,o e ?®..,..(1) < 6 < 1 for some 6. Observe that due

to Proposition B.1 we have ati.,q» € S(¢°,Qy), and clearly atic,q,, < aPy, = Pag,r-
Therefore, by definition of %..qq,» and flatness of u..q,,,

_eB B _ _ .
Pol =aP 5 <l < Tejagr  In {t <1}, e <1,

aq,r

and we conclude that limsup,_,o e #®..q0.-(1) < 0 < 1 and therefore r < 7(aq), a
contradiction. The proof for r is analogous. O

However, the local comparison principle, Theorem 3.16, also provides some
ordering between r and 7.

Corollary 3.26. For any q € R” and a > 1 we have
7(q) < r(aq).

Proof. Again, the ordering is obvious if ¢ = 0. Therefore let us assume that ¢ # 0
and a > 1. Suppose that the ordering does not hold, i.e., r(aq) < 7(q).
Set g1 = g and g2 = aq. By the definition of 7 and r, there are r; and ro with

r(aq) < re <11 <T(q)

such that
limsglp 7 max (fI)E;thl(1),@5;(12’2(1)) < 1.
E—
But that is in contradiction with the conclusion of Theorem 3.16. O

3.9. Semi-continuity. In this section we prove that r(q) < 7(¢), and that in fact
7 and r are semi-continuous.

Proposition 3.27. The functions T and r are semi-continuous on R™ and
r=r" € USC(R"), r=7. € LSC(R™).

Furthermore, a — T(aq) and a — r(aq) are nondecreasing on (0,00) for any g € R™.
(Recall that we set 7(0) = r(0) = 0.)

To prove this proposition, we start with the following geometric result.
Lemma 3.28. For every q € R™, n > 0 there exists § > 0 such that

r(p) <7(q) +n, r(q) <7(p) +n,
for allp € R, |p—gq| < 4.
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Proof. By the continuity of 7 and r at 0 (Proposition 3.24), we can assume that
q#0.

We will prove the second inequality. The proof of the first one is analogous. Let us
further assume that r(¢)—n > 0. Weset r = r(¢)—n/2 and # = r(q)—n =r—n/2 < r.

Let A := v/n+ 1. By the definition of r(q), there exists ¢ > 0 small enough
such that Corollary 3.22 applies and there exists (¢,0) such that By.({,0) C
Qu..,,)N{0<t <1} and (- v =ro+e?/2. Moreover, ®_., (0 + Xe) < &P,

Suppose that the conclusion does not hold and there exists a sequence {qx}, C R"
such that g — ¢ as k — oo and r(q) > T(qr) + 7. By the definition of 7, there
exists e € (0,¢), e — 0 such that ®., .4, » > %Ef. We will show that this leads to
a contradiction with the comparison principle for k£ large enough.

Recall that we set v = —¢q/ |q| and vy, = —qi/ |qx|- By Lemma 3.15, there exists
(Cks 0k) € I'(Uey;q,,7) such that (g - v = Fop, — %Ef and 65,6;%;(0;6) = %52

We introduce the scaling factor v, := ex/e. By the choice of A we can find
(€, ) € €Z™ Tt such that

(Xi, Ti) := (& ) + v " (Cky 01) € Bae(C,0).

By compactness and taking a subsequence, we can assume that (X, T) — (X, T) €
B)e(¢,0). Let vg, be the rescaled solution

Ok (@, ) = g, ey g (Ve (@ — &), W (t — T1)).

Observe that (X, Tk) € I'(vk) and(Xg, Tk) € Brc(¢,0) C Quey )
that u.., . < vi in Bye((,0) for large k, we get a contradiction.

To that end, we will use the monotonicity of the obstacle problem and the fact
that u.,,q,» is a solution away from the boundary of the obstacle. Let X :=
Y Q. + (&, 71). Furthermore, let us define the translated planar solutions

Pk({E,t) = qu,f(fffk,t*’fk) P];Pk = Pq;f)}?(xffk,thk),

where py := %7,;15/,3 = %5',(3_15. Note that pr, — oo since e, — 0 and g < 1.

We observe that v, € S(g°, Xx \ T'(Pg)). Therefore it is enough to show that
(a) vg > Py in Qq N {t < Tk}7

(b) ﬁ(Hs—:;q,r) N {t < Tk} N F(Pk) = 07 and

(C) Eé:;q,r S (Uk?)* on aP(Qq N Ek N {t S Tk})
By the properties of the obstacle problem, Proposition 3.8, we have

U =P,, on0Q, (vk)s« = P, on 0%y.

—€:q,T

If we prove

Moreover, the flatness assumptions provide the bounds

4 <P§,i v > P, both in {t <Tj}.

€4, 7 —

Therefore, since dp(Qq N Xk N {t < Ti}) C (0Qq U ITk) N Q,, we only have to
show that, for large k,

(3.54) P> P QN {t<T}nQP:)
and
(3.55) P > Py, in QN {t < T} nQ(P,,),

and (a)—(c) shall follow. A straightforward calculation yields
P];pk (l’,t) = quf(x — Xk,t — Tk) — Pq,f«(ﬂf — X,t — T), k— o0
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where the convergence is locally uniform in R™ x R. A similar calculation yields
Py(a,t) = P* (& — Xg,t = Ty) = 00, k— 00
locally uniformly, since p — oo. Finally, we realize that
Pui(x =X, t=T)> P, inQ,N{t <o+ A}NQP,,),

due to # < r and X - v > rT +¢7 /4, and we conclude that the orderings (3.54) and
(3.55) hold for sufficiently large k. Therefore by the stitching lemma, Lemma 2.17,
and the obstacle monotonicity we have that u_,, < v in By.((,0) for large
k but that is a contradiction with the facts that u > 0 on Bjy:(¢,0) and

—£:q,7

(Xk,T) € Brc(¢,0) NT'(vg). The proof of the lemma is finished. O
We can now proceed with the proof of semi-continuity.

Proof of Proposition 3.27. Let us fix ¢ € R and n > 0, and let 6 > 0 be from
Lemma 3.28. We will show that 7 is USC at ¢. First, we observe that whenever
p € R™ and |p — q| < ¢, there exists a > 1 such that |ap — g| < §. Therefore, for
such p and a, Corollary 3.26 and Lemma 3.28 yield

7(p) —n < r(ap) —n <7(q).
Since § > 0 exists for arbitrary > 0, we conclude that 7 is USC' at ¢ for all ¢ € R™,
and thus 7 € USC(R™). We can similarly show that r € LSC(R™).
Furthermore, we have r < 7 on R™ by Lemma 3.28 which together with the
semi-continuity implies

1=
IN

?*; ﬂ* é
2

T.
On the other hand, Corollary 3.26 yields 7(a~'q) < r(q) < 7(q) < r(aq) for any

a > 1 and therefore

w

7.(¢) <liminf7(a™'q) < r(q) <7(q) <limsupr(aq) <r*(qg) ¢€R™
a—1+ a—1+

Finally, the monotonicity of 7(aq) and r(aq) in a is a simple consequence of
r(a1q) <T(a1q) <r(azq) <T(azq)  0<ay <az, g€R™
This finishes the proof. O

3.10. Time-independent medium. In this section, we show that in a time-
independent medium, i.e., when g(z,t) = g(x), we can in fact prove that 7 and r are
continuous and therefore coincide, and that they are positively one-homogeneous.
We thus obtain the same results as in [20]. We are able to achieve this because of
the key feature of a time-independent medium, that is, the availability of scaling in
time independently of space. Indeed, it is trivial to check that if u € S(g°) then
also [(z,t) — au(z,at)] € S(g°) for any € > 0 and a > 0.
The main result of this section is the following proposition.

) =g(z). Then
(3.56) F=r e CR").

and

Proposition 3.29. Suppose that g(x,t

7(q) = r(q) = lal (@) for all q € R\ {0},

Let us first show the continuity. We will need the following scaling result.
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Lemma 3.30. Suppose that g(x,t) = g(x). Then for any ¢ € R™ and e,7 > 0 we
have

(3.57) o (t) < a®y-1.,(t) foralla>1 andt e R.

=¢;aq,ar
Proof. Since the statement is trivial for ¢ = 0, we assume ¢ # 0. Fix a > 1 and
define

v(2,t) = a’ug-1ay (a7 2, ).

Since Ug-1.., , € g(g‘fls, @), the scaling of the problem and the independence of
g on time yield that v € S(¢%, aQ,). Moreover,

v(z,t) > a®P, . (a" x,t) = Pagar(w,t).
Therefore, by the definition of u. ., ,, and Q, C aQg, we get
U <w in R™ x R.

“esaq,ar

By the definition of flatness, we have for any 7 € R and t < 7
u (z,t) < v(z,t) < a®Pyr(a w— Q41 (7)1, 1)

“esaq,ar

= Paqﬂlr(‘x - a’ga_lfs;q,r(T)V7 t)
Thus (3.57) follows. U

Proof of Proposition 3.29, continuity. Fix ¢ € R™. Since 7(0) = r(0) by definition,
we shall assume that ¢ # 0. By Lemma 3.28 and Corollary 3.26 we infer

r(q) <7(q) <r(aq) for all a > 1.

Now fix § > 0. By definition of r(q), there exists r € [r(¢),r(q) + 6/2) such that
limsup,_,oe?®.., (1) =60 < 1. Now Lemma 3.30 for any a € (1,0'/(#~1) yields

—&q,7

lim sup sfﬁQE;aq or(1) < limsup alfﬁ(afls)fﬁQafls.q (1) =a"Po< 1.
e—0 ’ e—0 ”

Therefore if also a < 1+ /2, the definition of r(aq) implies
r(aq) < ar <r+6/2 <r(q)+4.
Since § > 0 was arbitrary, we have 7(¢) = r(¢g). The semi-continuity result of
Proposition 3.27 implies 7 = r € C(R™). O
For the proof of the one-homogeneity, we will use the following scaling result.

Lemma 3.31. Suppose that g(x,t) = g(t). Then for any ¢ € R™ and e,r > 0 we
have

(3.58) @, (t)=2 (a™'t) foralla>0,teR.

—€;aq,ar
The same holds for ®.

Proof. Let us first observe that a simple calculation yields

(3.59) aP] (z,at) = P} . .(x,t) for all ¢ € R", a,r > 0.

aq,ar

Fix a > 0 and consider v(z,t) = au,., (v, at). Since g is time-independent, we have

v e S(g°,Q,) and (3.59) yields v > P,g qr. Therefore, by definition of u
obtain

(3.60) u (z,t) <wv(zx,t) = au,., . (z,at).

—£;aq,ar —£€3q,T

e;aq,ar? we
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Similarly, we set w(z,t) = ™ U g o (2, a7 1t) and observe that w € S(¢°, Q) and
w > Py . Therefore

(3.61) u,., (x,t) <w(x,t) =a 'u (z,a™'t).

ZLesq,r Lesaq,ar
Since a > 0 was arbitrary, (3.60) and (3.61) yield together

QE?QJ"(J;’ t) = a’_lgsmq,ar(‘rv a_lt).

The scaling of the planar solutions in (3.59) and the definition of flatness thus yield
(3.58).
The same statement for ® can be obtained analogously. O

We can now finish the proof of the main result of this section.

Proof of Proposition 3.29, homogeneity. Let us fix ¢ € R™\{0} and a € (0,1). Then
Proposition 3.14 and Lemma 3.31 yield

6E;fzq,ar(l) < 6E;aq,ar(a_l) < 65;1177'(1)-
Thus the definition of 7 implies

7(aq) > ar(q),

and an analogous argument with @ yields
r(aq) < ar(q).
Since r =T by (3.56), we can conclude that
(3.62) r(aq) = 7(aq) = ar(q) = a¥(q) for all a € (0,1).
Since ¢ € R™\ {0} was arbitrary, we can define ¢’ = ag and show that
a'r(d) =a () =r(at¢) =F(a1¢) for all a € (0,1).

Therefore (3.62) holds for all ¢ € R™ and a > 0. In particular, if ¢ # 0, for a = 1/ |¢|
which concludes the proof. (I

4. CONVERGENCE IN THE HOMOGENIZATION LIMIT

In the view of Proposition 3.27, we define the homogenized Hele-Shaw problem

(4.1) —Au=0, in{u>0}NQ,
' V =7(Du), on 9{u>0}NQ,

with the appropriate domain @ := Q x (0,7] and the initial and boundary data
Q0,1 as in Theorem 1.1. The viscosity solutions of this problem were introduced in
Section 2.

We show that the solutions of the inhomogeneous Hele-Shaw problem (1.1)
converge as € — 0 to the unique solution of the homogenized problem (4.1) with the
same initial and boundary data, in the sense of half-relaxed limits (denoted *-liminf
and *-limsup here, Definition 4.2 below). Since the solution of the homogenized
problem might be discontinuous, a half-relaxed limit is the standard mode of
convergence in such setting. In particular, we prove the following homogenization
result.
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Theorem 4.1 (Homogenization). Suppose that the domain @Q := Q x (0,T] and the
initial and boundary data satisfy the assumptions of Theorem 1.1. Let u® € S(¢%, Q)
be the unique solution of problem (1.1) for e >0 and let uw € S(F(p)/ |p|, Q) be the
unique solution of (4.1).

Then u, = *liminf._,ou and u* = *limsup,_,ou®. Moreover, OQ((u®).; Q)
converge to 0Q(uy; Q) uniformly in Hausdorff distance.

Before proceeding with the proof of Theorem 4.1, we recall the notion of half-
relaxed limits and the notion of convergence in Hausdorff distance.

Definition 4.2. Suppose that {v.},. is a family of functions v. : E — R on some
set E CR" x R. For (z,t) € E we define the upper and lower half-relaxed limits
*-limsup v, (x,t) := lim sup {v:(y,s) : (y,8) €E, |ly—x|+|s—t|+e<n}

e—0 n—0

*liminf ve (2, t) := lim inf {v:(y, s) : (y,8) € E, |y — x|+ |[s —t| + & < n}.
e—0 n—0

Let us recall that v. = v uniformly as € — 0 on a compact set K C E, where
v € C(K), if #limsup,_, o ve = *-liminf._,ov. = v on K.

Definition 4.3. Let E.,E C R™ X R for e > 0 be compact sets. We say that E.
converges to E uniformly in Hausdorff distance as € — 0 if for every § > 0 there
exists eg > 0 such that

E C B. + B5(0,0), E.C E+ Bs(0,0) fore < .
The following characterization is well known [10].

Proposition 4.4. Compact sets E. C R™ xR converge to a compact set E C R™ xR

uniformly in Hausdorff distance if and only if the following two statements are true:

(i) if (ze,te) € Ee for all € > 0, then every limit point of {(xc,t:)},< lies in E;

(i1) for every (x,t) € E there exists (z.,t.) € E. such that (zc,t.) — (z,t) as
e —0.

To prove Theorem 4.1, we first address the convergence of the supports, which
is important for the stability of subsolutions of one-phase problems such as (1.6).
Nondecreasing-in-time subsolutions in fact satisfy Q(@) = limsup,_,, Q(uf), see
[21, Lemma 4.1], but we will only need the following simpler statement (we give the

proof here for completeness).

Lemma 4.5. Let v¢ € S(M, Q) be a locally uniformly bounded sequence of subsolu-
tions on the space-time cylinder Q = Q x (0,T] for open domain Q and T > 0, and
let v = x-limsup,_,o v¢. Moreover, suppose that (v¥)* are nondecreasing in time and
Qo(v%;Q) C Qo(T; Q) for all e > 0.

Ifer — 0 as k — oo, (wh,tx) € Qv Q) for all k and (xy,t) — (&,1) then
(#,1) € Qw;Q) UIpQ.
Proof. Suppose that e — 0 as k — oo and (xy, ;) € Q(ve, ) such that (xy,tx) —
(z,1) € Q.

We argue by contradiction and assume that (#,%) ¢ Q(7) U9pQ. Let us denote
H,(&,0) = B,(§,0)N{t < T} in the following. In particular, there exists § > 0 such
that Hos(#,1) C Q \ Q(v). Since (v.)* is nondecreasing in time, so is T and thus

Eg((ﬂk) ﬂﬁo(vs) C Egg(fi) OQO(U) =0
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for k large so that Bs(x)) C Bos(#). Hence the nondegeneracy property of subsolu-
tions, Corollary A.5, applies and, used with the monotonicity in time, yields the
estimate

52 52
SUp Ve, > SUp Vg > — ->0 ask — oo.
Has(2,t) - Hs (g tr) - 2nMty, 2nMt
But this is a contradiction with the property of x-limsup, namely that v., converges
to 0 uniformly on Hys(2,%) as k — oo. The proof is complete. O

Corollary 4.6. Let v, be a sequence of subsolutions as in Lemma 4.5. Then
T = x-limsup,_,, v. satisfies Definition 2.3(i).

Proof. Suppose that T does not satisfy Definition 2.3(i) and there exists
(6,7) € (@) NQ)\ D@ N [t < 7T

Then for some 6 > 0 we have

(42) Bas(&,7) N {t < T} € Q\ Q@) N {t < 7.

Let K = supqyo,,) V= < 00 and find h € (0,6) such that

vV2nKMh < 6.

By the definition of x-limsup there exists sequences e, — 0 and (&, 7) — (§,7) as
k — oo such that (&, 7k) € Q(ve, ). Therefore by Corollary A.6 we conclude that
there exist (zg,tx) € Q(ve, ) N Bas(&,7) N {t < 7 — h}. By compactness, (zg,tx) —
(#,{) € Bas(&,7)N{t <7 —h} as k — oo up to a subsequence, and Lemma 4.5
implies that (&,7) € Q(7). But that is a contradiction with (4.2). O

In the following proposition we show that the half-relaxed limits of the solutions
of the inhomogeneous Hele-Shaw problem (1.1) are solutions of the homogeneous
problem (4.1).

Proposition 4.7. Let v. be a locally uniformly bounded sequence of subsolutions
of (1.1) on the space-time cylinder @ = Q x (0,T] satisfying also the hypothesis of
Lemma 4.5. Then the upper half-relaxed limit
U = *-limsup v,
e—0

is a viscosity subsolution of the homogenized problem (4.1) on Q.

Similarly, if ve is a locally uniformly bounded sequence of supersolutions of (1.1)
on Q then the lower half-relaxed limit

v = x-liminf v,
e—=0

is a supersolution of (4.1) on Q.

Proof. We will prove that ¥ is a subsolution of (4.1). A parallel, simpler argument
yields that v is a supersolution; in this case there is no need to study the convergence
of supports.

We shall use Definition 2.3. Its part (i) follows from Corollary 4.6. To prove
that v satisfies Definition 2.3(ii) we shall argue by contradiction: if T fails to be
a subsolution at some point P of its free boundary, it is possible to compare v,
with a rescaled translation of the subsolution of the obstacle problem %..q,, for some
small €,¢é and appropriate ¢, r, in the neighborhood of P and it can be shown that
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this subsolution must be detached enough from its obstacle to prevent the free
boundary from reaching P in the limit ¢ — 0. We accomplish this by translating
the rescaled v, into w, in (4.9) in such a way that the point P is moved into the
neighborhood of point (rv, 1) where the function g4, is 0 due to the detachment
lemma (Lemma 3.23).

First, we can assume that v, are USC since that does not change x-limsup. Let
us therefore suppose that 7 — ¢ has a local maximum at (&,¢) in Q(v) N {t < ¢}
for some ¢ € Cgtl . If 9(&,%) > 0 then a standard stability argument yields that
—A¢(#,1) <0 and thus v satisfies Definition 2.3(ii-1).

Hence suppose that T does not satisfy Definition 2.3(ii-2) and o(z,f) = 0,
~A¢(#,t) > 0, q := Do(2,t) # 0 and ¢, > T(D@) |D¢| at (#,%). In this case
we can find r € R such that

Pt
| Dol

Let us first observe that we can assume that ¢ € C°°. In fact, let us take

>r>7(q) =F(D¢)  at (&,9).

U t) =l r(t— ) g (o~ 2)+ G A — ) (— 4),

where A = D2?¢(&,t) + nI, with n > 0 chosen small so that —Ay) = —tr A =
—Ag¢(&,t) — ny > 0. By the Taylor’s theorem, there exists 6 > 0 such that
b(x,t) — p(2,t) < (,t) for |v — & < 6,1 — 6 <t <t and the equality holds only
at (&,%). Therefore ¥ —1 has a strict maximum 0 at (2, {) in Q(@)N{t < {} N Bs(2, 7).

Consequently, along a subsequence of € — 0, using Lemma 4.5, there exist (z.,t.)
such that (vc,t.) — (#,7) as e — 0 and v. — 9 has a local maximum at (x.,t.) in
Q(v) N {t < t.} N Bs(2,%). To simplify the notation in the rest of the proof, & only
takes on the values from this subsequence. Since —A(x.,t.) > 0, we must have
ve(xe, t.) = 0 and therefore

(4.3) ve(z,t) < [h(w,t) — P(ze, te)] | on Bs(z,t) N {t <t.}.

By the definition of 7(¢) and the choice of r > 7(q), there exists arbitrarily
small &’ such that @,/ (1) > %6'5. Hence Lemma 3.23 implies that there exists
arbitrarily small & = ¢’ such that s, = 0 in B.zs(rv, 1), where c is a positive
constant independent of €. Let us fix one such € small enough so that

(4.4) P> 42y + 1,

and set h :=¢/é.
Denoting g = Dy(x., t.), we can estimate

P(@,t) — Y(xe, te) = Ye(@e, te)(t — te) + Dip(e, te) - (v — )
+ %Dzw(aﬁg,ts)(w —xze) - (x— )
<lglr(t—to) +q- (z — )
+1ge — gl lo — | + | Al |r — 2|

We introduce E := Q, N C*t N {t <2} and its diameter d := diam E, and set
(recall that v := —q/ |q]|)

Je =z — hrv + |A| B2d? |q| " v + |ge — gl hd |g] " v + (r + Vn)ew,

7 =t.—h.

(4.5)

(4.6)
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Then we choose (ye,7:) € eZ" ! such that

(Ye,7) € argmin [|lx — gc| + |t — 7] .
(z,t)€eZn+1

Clearly
(4.7) |y — G| < V/ne, 7e =T <e
and therefore, recalling (4.4) and h = /&, we have for all ¢ sufficiently small
dist((ye + hrv, 7o + h), (e, te)) < (r+2v/n+ 1)e
+la- — gl hdlg| ™ + ||A]| B |q| "
< c&Ple = chéP.

since ¢ — q as € — 0. In particular,
(4.8) (Te,te) € Bepes (Ye + hrv,7e +h) C hE + (ye, 7e)
for sufficiently small €. From this and the definition of d = diam F, we infer that
dist((z, 1), (ze,te)) < hd for all (z,t) € hE + (ye, 7). Thus we estimate, using (4.5),
(4.6) and (4.7),
gl (r(t —7) = (@ —ye) - v) = lg| r (t —te +te =T + 7 — 7c)

T4 (2 — e + e~ P+ Je — Ye)

> (1) — e, te) — | Al |o = zel* — g — gl v — o]

+ lglr(=h) + hrq|

+ | Al h*d® + |g- — | hd + (r + /n) € gl

= (lalr+ lgl vn)e

> p(x,t) —p(ae,te)  for all (z,t) € hE + (ye, 7e).

And therefore (4.3) yields
ve(2,t) < [Y(x,t) = Y(ze, te)] ) < Pyp( —ye,t —7) on (hE+ (ye, 7)) N{t <t}
Let us define

(4.9) we (1) = {hlvs (hx +ye, ht + 7)) (x,t) € QN CT,

0 (z,t) € Qg \ CT.

We observe that w. € S(¢5/",Q,) and w. < Py, on QN {t < 1+h 7 — )}
Therefore, by definition, we < WUgpyq,r = e, In Qg N {t <1+h (7 - TE)}. But
by the choice of £ we have that Tz, = 0 in B.ss(rv, 1), and by scaling back, we
have

ve =0 in Bepes (ye + hrv, 7o + h) N {t < tc}.

When we apply Definition 2.3(i) and (4.8), we obtain (z.,t.) ¢ Q(v:) and that is a
contradiction with the choice of (z.,t.). O

In particular, if the solution of the homogenized problem (4.1) is unique, then
the limit is the unique solution.

Now we have enough information to finish the proof of the main homogenization
result.
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Proof of Theorem 4.1. We shall denote % = %-limsup,_,o ©® and u = *-liminf._, u°®.

Let U € 8(m/2,Q) and V € S(M, Q) be the boundary barriers constructed in
the proof of Theorem 1.1. From that proof we know that U, < v® < V* for all
e > 0 and hence U, < u <u < V* on . This implies that v and @ have the
correct boundary data in the sense of Theorem 1.1. Since @ € S(7(p)/ |p|, Q) and
u € S(F(p)/ |p|, Q) by Proposition 4.7, the proof of uniqueness in Theorem 1.1 yields
Uy < u <u < wu*, which implies v = uy, u = u* using Corollary 2.19.

Let us proceed with the proof of the convergence of free boundaries. Denote
E. = 0Q((v%)4; Q) and E = 0Q(u.; Q). Clearly E, E. are compact subsets of Q
(see also the proof of Theorem 1.1). We point out that due to the choice of initial
and boundary data, we have that

(4.10) B =T(u;Q)U (02 x [0,T]) U (2N Q) x {0}) € T(us; Q) UdpQ,

and similarly for E. (see the proof of Theorem 1.1). Let us also recall that Q(u,) =
Q(u) by Corollary 2.19. Therefore 9Q(u,) = Q(u) \ Q(u.). The same is true for u®.
We shall establish the uniform convergence E. — E in Hausdorff distance using

the characterization in Proposition 4.4. Let us denote
H,(& 0):=DB,(&o)N{t<T}, (&,0) eR" xR, p >0,

in the following.

(i) Suppose that £, — 0 as k — oo and (zy,t) € E., such that (zy,t) — (2,1).
Clearly ¢ < T. Lemma 4.5 yields that (#,) € Q(u). Furthermore, due to the
behavior of u° at the parabolic boundary of 9pQ, we have & € Q, and (&,{) € E if
also t = 0. Let us therefore assume that > 0 and (2, %) € Q(u.). There exists § > 0
such that Hgs(&,f) C Q(u.). Semi-continuity yields 7 = ming, ; 7 us > 0. The
property of x-liminf then implies that ming, @) (uf*), > n/2 > 0 for k sufficiently
large. But this is a contradiction with (2, x) € Hs(2,%) N OQ((u®).) for large k.

(ii) Now suppose that there exist (,#) € E and § > 0 such that for some ;, — 0
as k — oo we have E., N Hs(#,t) = 0 for all k. Again, since u® and u satisfy the
same boundary conditions, we must have (&,%) € Q by (4.10). Thus we can assume
that Hs(#,1) C Q.

Suppose that Hs(#,1) N Q(us*) = () for infinitely many k. In this case u = 0 in
Hs(i,t) and we get a contradiction with the choice of (&,1) € 9Q(u.).

Hence we must have Hg(%,%) C Q((u*),) for all but finitely many k. We can
assume for simplicity that this inclusion holds for all k. We recall that the comparison
with the barrier U in the proof of Theorem 1.1 yields that the support of u strictly
expands at t = 0. Consequently, & ¢ Qo(u; Q). By taking 6 smaller if necessary, we
can assume that Bs(2) N Qo(u; Q) = 0. Therefore Bs(#) N Qp(uf; Q) = 0 and u® is
nondegenerate in the sense of Corollary A.5. Since (u®). = ((u®)*). is nondecreasing
in time and (2, — 6/2) € Q((u*),) = Q(u*), we have

2

sup  (u®F)u(x,t) > 2nM = 0 fort € I:=[t—0/2,t+5/2]n(0,T].
T€Bj 5 (%) t—0/2

Furthermore, we observe that B s; (%) € Q((u®*).) for ¢ € I and, since (u®), is
harmonic in Q;((u®).) due the same argument as in the proof of Proposition 3.12,
the Harnack inequality yields inf,cp; ,(#)(u"*)«(z,t) > 1 > 0 for ¢ € I, in particular
inf Hy (D) uf* > n with 7 independent of k. Therefore, by regularity, Corollary 2.19,



HOMOGENIZATION OF THE HELE-SHAW PROBLEM 53

we have

ur = (U)s = (*—limsup u5> >n>0 in Hs/o(,1).
e—0 *

But that is a contradiction with the choice of (#,%) € 9Q(u,). The proof of uniform

convergence in Hausdorff distance is finished. ([

APPENDIX A. HELE-SHAW PROBLEM

In this section we derive bounds on solutions of the Hele-Shaw problem that
can be obtained by a comparison with radially symmetric barriers. Some of these
estimates appeared previously in various forms in [18,20,23]. But the estimate in
Proposition A.2, for example, appears to be new.

We first construct radially symmetric barriers.

Lemma A.1l. Given constants m > 0, K > 0, A € (0,1) there exists a self-
similar (w.r.t. the parabolic scaling), radially symmetric, exterior solution ¢ €
S(m,R™\ {0} x (0,00)) of the form @(x,t) = ¥(x/p(t)) such that p(z,t) > 0 for
0 < |z] < p(t) and @(z,t) = 0 for p(t) < |z|, and p(z,t) = K for |x| = Ap(t),
lim; 04 p(t) = 0 and p(t) = VaKmt where a = a(n, A).

Proof. The solution ¢ has the form ¢(x,t) = 1 (x/p(t)), where (formulas written in
columns for n > 3 and n = 2)

n>3 n=2

<|x\ 7”*1>+ (@) :K(lrllil)+7

-z
1/ ) Kemt (t)—,/LK ¢
n—1 m PAY) = —InA me

One can easily verify that ¢ € S(m,R™\ {0} x (0,0)), checking the free boundary

condition % =V, =m|Dp* jz)=p- =

P(x) =

The solutions constructed in Lemma A.1 allow us to obtain an upper bound on
supersolutions that are harmonic in their positive sets.

Proposition A.2. There exists a dimensional constant C = C(n) such that for
any space-time cylinder Q = E x (t1,t3), where E C R™ is an open set and t1 < ta,
and any supersolution u € S(m, Q) for some m > 0 such that u € LSC(Q), u is
nondecreasing in time and harmonic in Q:(u; Q) for all t € (t1,t2), we have

u(x,t><mf{7f;'°"” L (o) eq uco) =0, t<o |c—x|<dist<x,aE>}

o —
for all (z,t) € Q.

Proof. The idea of the proof is straightforward: if u(z,t) violates the bound for
some (z,t),((,0) € Q, it is possible to put a barrier under u that will become
positive at (C ,0), vielding a contradiction.

Set C'= L, where o = a(n, A) is the constant from Lemma A.1 with A = 1/4,
and cyg = cH( ) > 0 is the constant from the standard Harnack inequality: for any
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positive harmonic function 1) on B

(A1) inf ¢ > cy sup 1.
B2 Bys
Suppose that there exist ({,0),(¢,7) € @ and K > 0 such that u({,0) = 0,
T <o, |¢— x| < dist(z,0F) and

2
(A.2) ue,r) > L5 ClE=¢eb
cg m o—T
We can in fact assume, by translation invariance, that (£,7) = (0,0).

Let ¢ € S(m, (R™\ {0}) x (0,00)) and p : [0,00) — [0,00) be the self-similar,
radially symmetric solution and radius of its free boundary, respectively, from
Lemma A.1 with parameters m, K and A = 1/4. Since p(t) = vVaKmt, it follows
from the second inequality in (A.2) that p(c) > |(|, and, consequently, ¢(¢, o) > 0.

We want to show that u(¢,0) > (¢, o) to get a contradiction. Because u € LSC
and u is nondecreasing in time, there exists A > 0 such that u > % in B2y (0) x [0, t2].
Clearly A < [(]. Let us find o¢ > 0 such that p(cg) < A and let £ € N be the

smallest number such that p ((%)k00> > |¢]. Set o; = (Q)j oo for 1 < j < k and

1
find o, so that p(ox) = |¢|. We chose ¢; in this way because now we have
1 3 1 .
(A3)  Ap(t) = 7p(t) < gp(0j-1) < 5pl0j-1)  t€loj-1,05], j=1,....k

Therefore, if 1 < j < k and u(z,0,_1) > 0 for all x such that |z| < p(c;_1), then,
by the monotonicity in time and Harnack inequality (A.1),

(A.4)
u(z,t) > u(z,05-1) > inf  wu(y,05-1)>cy  sup  u(y,o5-1) > K
lyl<3p(oj-1) lyl<p(oj_1)
for |z| < Ap(t) < 1p(oj_1) and t € [oj_1,0].
Define Q; = {(z,t) € Q : |z| > Ap(t), t € (0—1,0;]}. By construction, ¢ < K
on Qj. Our goal is to show inductively that

(A.5) Y =<u on Q, w.r.t. Qy,

which implies u(¢, o) > u((, 0r) > (¢, 01) > 0, yielding a contradiction.

We will show the inductive step: if 2 < j <k and ¢ < u on Q; w.r.t. Q; for all
i=1,...,j—1then ¢ <uon Q; wrt. Q;.

The goal is to apply the comparison theorem, and therefore we need to show
¢ < uon OpQ; wrt. @Q;. First, observe that (for any j = 1,...,k) we have
opQ; = C’; U C’]2 U C’j‘?’, where C’; are the closed sets

C; =0E x [0j_1,0/], outer boudary
Cf = {(z,05-1) € Q: |z| = Ap(0;-1)}, initial boudary
CJ:-)’ ={(z,t) : |z| = Ap(t), t € [0j—1,0;]}. inner boudary

(1) Tt is simple to see that ¢ < u on Cj w.r.t. Q; for 1 < j < k because p(t) <
p(or) = [¢] < dist(0,9E) for t € [0;_1,0,] and therefore Q(p; Q;) N C} = 0.
(2) Since the support of ¢ expands continuously,

(A6)  Qp; Qi) NCY = {(z,011) : Aploi1) < |z < ploi1)}  i=1,...,F,
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and
ﬁ(‘P;Qifl)ﬂCE:ﬁ(@; Qi)ﬂciz i=2,...,k
In particular, ¢ < u in @jfl w.r.t. ¢j—1 implies ¢ < u in C]2 w.r.t. (); since
C? C Q.
(3) The induction hypothesis and (2) implies ¢ < C? w.r.t. Q; fori=1,...,7, and
thus (A.6) and the monotonicity of u yield

u(z,t) > u(x,0,-1) >0 t€oi_1,ta], Ap(oi—1) < |z| < p(oi-1)-

Since Ap(o;) < p(o;—1) for i = 1,...,k and p(og) < A, we conclude that
u(z,t) > 0 for |z| < p(oj—1) and t € [0;_1,t2]. Therefore by (A.4) we have
u> K > pon Cf.
We have showed in (1)—(3) that ¢ < uw on 9pQ; w.rt. Q; and therefore the
comparison principle, Theorem 2.18, yields ¢ < u on Gj w.r.t. @;, finishing the
proof of the inductive step.

Finally, to close the induction argument, we need to show the base case, i.e.,
that ¢ < u on Q; w.r.t. Q;. Part (1) still applies for j = 1 as well, and ¢ < u
on C? UC$ w.r.t. Q follows from the choice Ap(c1) < p(og) < A. Therefore the
comparison theorem applies on Q1. Induction yields (A.5), finishing the proof of
the theorem. |

Now we turn our attention to obtaining bounds for subsolutions. The first step
is a construction of barriers.

Lemma A.3. Let M and p be positive constants and let x € C((—0,0)), x(t) > 0.
Define K (t) = fot x(s) ds and

2

_ . __H _
tomf{t<0.K(t)> 2nM}€[ 00, 0).

There exists a classical, radially symmetric solution p € S(M,Q) on a space-time
cylinder Q = By, x (t9,0), with boundary data p(z,t) = x(t) for |z| = u, such that
o(x,t) > 0 for p(t) < |z| < w, and (x,t) = 0 for |z| < p(t), where p(t) is the
radius of free boundary of w. Moreover, p is strictly decreasing and p(t) € (0, u) for
all t € (to,0). Finally, lim;_,o— p(t) = 0.

Proof. The solution ¢ is given by the formulas (separately for n > 3 and n = 2)
n>3 n =2

(t)2 " — |x\27” n ;Lt‘
(ppt(t)Z" - ,u2”)+’ pla,t) = X(t)(()>+

and p(t) is the unique solution of

2 2 n 2
(as) S (”2(;)2 - ”TEZ)Q ) — MK(1), % (mpg) - ;) — MK().

(A7) oz, t) = x(t)

The equations for p(t) are derived by integrating V,, = —% = |D¢*||,_ ,» using the
condition p(0) = 0 and the expressions
(n—2)p' " 1
(A.9) Do || pmp = X3 2 Dot || ey = X
lz|=p 1 - lz|=p pln »
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The left-hand side of the equation (A.8) is strictly increasing for p € (0, u), with
limit values —g—z as p — p and 0 as p — 0, and therefore the equation has a unique
solution in the set p € (0, 1) as long as MK (t) € (*”—2 0), which holds for ¢ € (¢g,0)

2n?

by the definition of tg. It is straightforward to check that ¢ € S(M, Q). O

Now we will use the radially symmetric barriers of Lemma A.3 to obtain various
estimates on subsolutions.

Proposition A.4. Let M, u be positive constants and let x € C([t1,t2]) for some
t1 < ta, with x > 0. Suppose that fttlz x(s) ds < 25;[.
If u e S(M,Q), where Q is the cylinder Q@ = B,({) X (t1,t2) for some ( € R”,

such that , (u; Q) = 0 and u*2(x,t) < x(t) for (x,t) € OBL(C) X [t, ], then
(¢, 1) ¢ Qu; Q) for all't € [t1,t5].

Proof. Let us extend x to R by defining x(¢) = x(t2) for t > t2 and x(¢) = x(t1)
for t < t;. By continuity, we can find § > 0 small enough such that

ta+d L

Let ¢ € S(M +0, B,,(0) x (to,0)) be the contracting solution provided by Lemma A.3

with X(t) = x(t + to + 0) + 6 and M = M + 6, where to < t; — ty — 6, and let p(t)
be the radius of its free boundary. Define

Y(,t) = p(x — Gt —ty — 6) — k(|lz — (> = p°(t — ta — 8)) 4,
where x € (0,6/p?) is chosen small enough so that ¢ is a superbarrier on @ and
¥ > M on (0B,(()) x [t1,t2]. Observe that u < ¢ on 9pQ w.r.t. Q. and hence

Definition 2.12 implies that v < ¢ on @ w.r.t. @ and the result follows since
(¢, t) ¢ Q; Q) for all ¢ € [ty,ta] because p(t — ta — ) > p(—=6) > 0. O

2

Proposition A.4 has the following consequence for the bound of a supersolution
on a cylinder.

Corollary A.5 (Nondegeneracy). Let u € S(M,Q), where Q is the cylinder @ :=
B, () x (t1,t2) for some ¢ € R, pn >0 and t1 < ta, such that (¢, t2) € Q(w; Q) and
Qi (u;Q) = 0. Then

2

supu > ——H
Q - QTLM(tg - tl).

Proof. If K := supgu < Wi—tl)’ we can apply Proposition A.4 on @ with
x(t) = K, yielding ((,t2) ¢ Q(u; Q), a contradiction. O

The support of subsolutions expands with a speed that can be controlled with
the help of Proposition A.4.

Corollary A.6. If u € S(M,Q), where Q = E X (t1,t2) for some open set E C R™
and ty < tg, and u < K on @ for some K > 0, then

Qi(u;Q) C Qy, (u;Q) U E° + Ep(t) for all t € [t1,ts],

where

p(t) = /2nKM(t —ty1).
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Proof. The statement will be proved if we show that (¢,0) ¢ Q(u; Q) for any
(¢,0) € Q such that

(A.lO) Ep(c,) (C) CFE and Ep(c,) (C) ﬁﬁtl (’LL; Q) = (.

Fix one such ({,o). By compactness of B,(,)({) there exists > p(co) such that
(A.10) holds with p instead of p(c). Set x(t) = K, and note that

2
p 1
/ Kds=(oc—t)K 251]\)4 Sl

Therefore Proposition A.4 yields (¢, o) ¢ Q(u; Q). O

Corollary A.7. Suppose that positive constants M, u, o, A and € satisfy

(A.11) o<e (ezn‘ﬁa — 1) :
Ifue S(M,Q), where Q = B,(¢) x (0,0), Vo(u;Q) = O and
(A.12) u(z,t) < ﬁ in Q,

Proof. Set X(
bound (A.11) in

Hg ; and t; = 0, t2 = 0. An easy computation yields, using the

then (¢,t) & Q(u; Q) for t € (0,0].
) =
in the last step,

The conclusion follows from Proposition A.4. (I

APPENDIX B. NONUNIFORM PERTURBATION

When the free boundary velocity law in the Hele-Shaw problem (1.1) depends on
time, the solutions cannot be easily scaled in time. In particular, a linear scaling in
time preserves subsolutions or supersolutions only for short time intervals of length

7, where m and L are constants from (1.2) and (1.3). In this section we devise
a nonlinear scaling in time that can provide perturbed solutions on arbitrary long
intervals.

Proposition B.1. Suppose that p € C*(E) and § € C*(I) on some open sets
ECR" and I CR, and p, 0 satisfy, forallx € E, t € I,
(i) ¢ >0, and either p >0 or p=0,
(ii) |Dpl < 1/2,
(iii) pAp > (n—1)[Dpl?,
(iv) for some positive constants a, L, m,

@ > 011~ [Dp(@))) |1+ (1t —0(0)] + p(a))
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Then if u € S(g,Q), a subsolution of the Hele-Shaw problem with V,, = g(x,t) |Dul
on an open set Q C E x I, where g is L-Lipschitz and g > m > 0, then

v(z,t):=  sup au(y,0(t)).
yGEP(m)(I)

s a subsolution of the same problem on the set
Q= {(z,t) s t € 0(I), Byay(x) x {071 (1)} C Q},
ie., veS(g,Q).

Similarly, if we replace condition (iv) with
(iv’) for some positive constants a, L, m,

@ <O+ Do) 1= (1t —0(0)] + p(a))

we have that if u € S(g, Q) then

w(z,t):= inf  au(y,0(¢)).
yEBp(a:)(m)

is a supersolution, w € S(g, Q)

The proof of a similar statement for time independent Hele-Shaw problem was
previously given in, for instance, [19, Lemma 3.40] with the help of [5, Lemma 9]
(see also [20, proof of Lemma 12]). Here we present a slightly more explicit, compact
proof for reader’s convenience, including the new nonlinear deformation in time,
and without the assumption that u is harmonic or continuous in its positive phase.

Proof. First, we prove the statement for subsolutions. We can assume that u is USC,
observing that the sup-convolution commutes with taking the upper semi-continuous
envelope, and therefore we assume that v is USC. Suppose that ¢ € C?! and that
v — ¢ has a local maximum at (g, §) in {v > 0}. Then, by definition of v, there exists
(#,%) € {u > 0} such that |& — | < p(9), and v(9, 8) = au(#,t) for § = 0~1(). We
point out here that 6 is invertible by assumption (i).

Let us set h := § — & for convenience. We observe that au(z, 8(t)) < v(y,t) as
long as

(B.1) p(y) =y — x|

With this fact in mind, we shall find a smooth function y(x) so that ( ) =gy and
(B.1) holds in a neighborhood of #, and therefore u(z,t) — a= ¢ (y(z),071(t)) has a
local max at (&,7) in {u > 0}.

If |h| < p(9), then y(x) = x + h is sufficient due to the continuity of p. A more
delicate situation arises when |h| = p(§). We define y(x) in such a way that the
gradients of both sides in (B.1) are equal, while the Hessians are strictly ordered.
The differentiation of p(y(z)) yields

(B.2)

0 B Oy 0?
TP W(@) = Ek: Dipgets ot

6yk ayl D%y,
D .
Z kP 858161‘3

Let us choose a coordinate system (eq, ... ,en) so that e, = h/ |h| and Dp(g§) =
aey + Ben, and set 42 = (1 — 8)? + o2, Let us recall that |Dp| < 1/2 and therefore
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v > 1/2. We define y(x) in the form
(B3 o) =0+ Al =)+ | 3Blo ) (o 2)].

where B is a symmetric matrix with tr B > 0 to be specified later and A is the

rotation and scaling matrix
-1
1-p3 1-06 « « e
A=——c1®e1+—e, Qe+ —=e,0e1 — —e1 e, + — er X eg.
72 ,yz n n 72 n 72 n o Z

k=2

Using the formulas (B.2) and (B.3), we can express the derivatives at x = & as

(B4)  D(p(y(@))l,—s = A'IDp(@)],  D*(p(y(2)))],_, = A'[D*p(9)]A + BB,

and similarly
D(ly(z) = al)l,—s = (A = D'en,

1

D*(ly(z) - ])],_, = ]

A quick computation shows that the choice of A guarantees that A'[Dp(3))] =
(A — I)te,, with the equality of gradients in (B.1) as a consequence. To get the
strict ordering of Hessians Dz(p(y(m)))’z:i, > D?(|y(z) — m|)’m:i, we need to find
a symmetric matrix B with tr B > 0 such that

(A= DI - ep @ en)(A— 1)+ B.

M = MDA~ (A= D' e @ e)(A=1)> (1= H)B.

Since |B| < 1, this will be possible if and only if the trace of the left-hand side M
is strictly greater than 0. We observe that AA* = 72T and (A — I)(A - 1)t =
(v2+1)I — A — A!, which is a diagonal matrix, and therefore we can evaluate

_ \71L| (n—=1)(v?+1)—2(n -2y " =2y (1 - B)]

1
|

tr M =~"2Ap(g)

=772 | Ap(5) — T [(n—=2)(1—=7)?+a® +5%]|.

Recall that |h| = p(7), and we can also estimate (n — 2)(1 — )2 + a2 + 8% <
(n—2)8% 4+ a2 + 2 < (n—1)|Dp(5)|*. This implies that tr M > 0 due to the
assumption (iii) on p.
The above computation proves that u — ¢ has a local max at (2,%) in {u > 0},
where ¢(z,t) := a '¢(y(x), 07 (t)). As always, two cases must be addressed:
(a) u(z,t) > 0: We first observe that D¢(y, 5) - e, < 0. Indeed, since |Dp| < 1,
we see that v(9,8) = au(@,1) < v(§ — oen, §) for all ¢ > 0 small. Since u
is a subsolution of the Hele-Shaw problem, (B.2) and tr B > 0 yield the
inequality
0> ~Ad(0.8) = ~tr A’ [D?6(3,8)] A~ [D8(3.5) - ] tr B > —1*A0(3.9).

(b) (&, ) = 0: First, we set & := a~2y~20'(8) < a=0'(3) (1 — |Dp(9)|) " * and,
using the assumption (iv) and the assumptions on g, we estimate

B3 elad) < eold0) (1425 06 +1nD) < a7
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recalling that |h| < p(9). Additionally, differentiation of ¢ in time yields

Gilant) = Zolu(o).071(1) = (@), 67 0) g

The formula (B.4) for the gradient, recalling that A is a rotation and scaling
by a factor y71, as well as the estimate (B.5) allow us to transform the
viscosity inequality and obtain

(
=a [0 E)] 7 [0u(5:5) - €900, F) IDS(5, )]
> a0'(5)) 7 [61(5.5) — 9(5,5) D5, 5)I°]

Hence v is a viscosity subsolution of the HS problem and the proof is finished.

The proof for supersolutions follows same idea, but, in contrast to the proof
for subsolutions, we consider a strict local minimum of w — ¢ at (9, §). It is also
necessary to make the obvious changes in the directions of the inequality signs.
Finally, the estimate (B.5) is replaced by

£0(.0) 2 €0(3.9) (1= (5~ 66) +10D)) = a(7.).

which applies due to the assumption (iv’), since now we estimate y=2 > (1 +
|Dp()|)~2. The rest is analogous. O

B.1. Subsolutions. In this section, we will give an expression for a particular

choice of 8 so that Proposition B.1 applies for subsolutions, given a,m, L and p. The

notation throughout this section is consistent with the statement of Proposition B.1.
Let us assume that p and Dp are bounded, and define

m
f?
We will look for 0 of the form 6(t) = f(¢; o, 7y, A) + 7, for some constant 7 # 0 and
f€C[0,00)), with f(0)=0and 0 < f’ < 1.

The upper bound on the derivative yields f(¢t) < ¢ for all ¢ > 0, hence the
estimate |t — 0(t)| <t — f(t) + |7| holds. The condition (iv) in Proposition B.1 can
be rewritten, after multiplication by -, as

ORES ambin(l — |Dp|)?, = A= 7|+ max p.

(B.6) ay = fiO)(y+ A+t = f(t) 20 (t)(y + p+ |t = 0))).

Let us now assume that oy < v+ A. In fact, if this condition is violated, we can set
f(t) =t and the condition (iv) is satisfied.

To find f satisfying (B.6), we substitute h(t) =t — f(¢) + v+ A, and after a short
calculation, using f’ = 1 — k', h must satisfy

h

B > 1.
h —avy

(B.7)



HOMOGENIZATION OF THE HELE-SHAW PROBLEM 61

With the initial data h(0) = v + A, the solution of the equality can be expressed in
terms of the principal branch of the Lambert W function,

h(t) = ary (1 T W (Oie“» ,

where £ = v+ A — ary, positive by assumption.
Thus the function f can be expressed in terms of h as

f(t;a,vd):tJrf—omW(;eﬁ), E=7+A-oay.
Lemma B.2. The function f(t;a,v, ), for a,~, A positive such that y+A—ay > 0,
has the following properties:
(a) f(0) =0,
(b) f(t) — t locally uniformly on [0,00) as (a, \) — (1,0),
(c) f' =52, 7 <0, f1(0) = 2%

Proof. For (a), use the formula W(xze”) = x. To show (b), note that f(t) — ¢ locally
uniformly on [0, 00) as (a, A) — (1,0) is equivalent to the locally uniform convergence
h(t) = v. Since W(0) = 0 and W is continuous at 0, the result follows from the
fact that the argument of W goes to 0 locally uniformly in ¢ as (o, A) = (1,0). (¢)
is a simple consequence of the properties of Lambert W function. ([l

B.2. Supersolutions. We follow the idea from §B.1 to construct a function 0(t) =
f(t) + 7 such that condition (iv’) in Proposition B.1 holds.

We define & = amax(1 + |Dp|)? now with v, A as before, and look for f €
CL([0,T)), for T > 0, f(0) = 0 and f’ > 1. The condition on the derivative yields
f(t) > t for t > 0 and thus |t — 0(t)] > f(t) —t — |7|. The condition (iv’) can be
rewritten as in (B.6),

ay < fiO)(y = A+t —f(1) < f(O) (v —p—[t—0()]).
Here it is necessary to assume v > A. Furthermore, we assume that ay > v — A,
otherwise f(t) =t satisfies the inequality and we are done.

After a substitution h(t) = v — XA+t — f(t), we discover that h satisfies (B.7).
This time, however, h is decreasing, and will become zero in finite time. Therefore
the inequality does not have a global solution. With initial data h(0) = v — A, the
solution can be written as

h(t) = ay (1 +W (netﬂ)) ,
ary

where n = v — A — ary, negative by assumption. The singularity occurs when the
argument of W becomes —é.
The function f has now the form

o,y A) =t +n—ayW <Oz7ye:v> ;o om=y—A-ay.
Lemma B.3. For every T > 0, there exists ar > 1 and Ay € (0,7) such that the
function f is well defined on [0,T] for o € (0, ar) and A € (0, A\p) with y—A—ay < 0,
and has the following properties:
(a) f(0) =0,
(b) f(t) = t uniformly on [0,T] as a — 14+ and A — 0+,
(c) f' =52, >0, '(0) = =%
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Proof. The existence of ar and Ar follows after realizing that, as (o, A\) — (1,0),
%6% — 0 while e stays uniformly bounded on ¢ € [0,7]. Consequently, it is
possible to choose ar > 1 and Ar € (0,7) that guarantee that the argument of W is
larger than —2 for ¢ € [0,7]. As in Lemma B.2, the above observation also implies

(b). O

APPENDIX C. TECHNICAL RESULTS

C.1. Harmonic function on a thin cylinder. The idea of the following lemma
is motivated by the observation that the values of a harmonic function on a thin
cylinder of a larger radius are not strongly influenced by its values on the side of
the cylinder.

Lemma C.1 (Subharmonic function on a thin cylinder). There is a dimensional
constant ¢ = c(n) > 0 such that whenever u is a subharmonic function on Q, Q C C
open, where

C={zx= (" z,):|2'| <R, 0<z, <3}

for some R >0 and § > 0, and furthermore for some K >0

u< K on C,
u< —1 on NN {|z'| < R},
then
1
u§—§ on{reQ:|2|<R,0<x, <8},
where

R =R —c(K +2)s.

Proof. We shall compare the function « on Q with a translate of the superharmonic
function

|

3
olz) =11+ $COSTy — o

Indeed, writing |2’| = r, a straightforward computation yields

—9 n+2r2 +nr? +r*) coszx
A(p: <axn:cn +arr+ n ar) Y = _( ) "

2 (222)*?

This quantity is negative if |z,| < 7/2.
Define ¢(x) = p(g52). Observe that for 0 < x,, <4
(a) =A@ >0,
(¢) ¢ > K for |2'| > %(K + 2)0. This follows from estimating 4/1 + # >
T _ 1

|$/‘
s — 1
T and cos:nn>cos$567cos3 5
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6.1

s

on C whenever |zj| < R — ¢(K + 2)§ and the maximum principle lets us conclude
that u < (- — 2¢) on C. That shows that

So if we set ¢ :=

, we can compare a translate @(- — xg), xo = (z(,0) with u

1
u<-3 on {z:]2/| < R—c(K+2), 0<x, <5}
O

C.2. Integer approximation. In this section we consider the approximation of a
set A C R? by the set AN Z<. First, we introduce some useful notation.

Definition C.2. For a set A C R?, d > 1, we shall denote
A" =ANnzZ4, A = Anezt.

The following two lemmas provide sufficient conditions for approximation of A
by A*.

Lemma C.3. Suppose that A, E C R? and \ > %\/& If e >0 and
(C.1) E+ Bx.(0) C A
then

E C A*® + B):(0).

Proof. Let £ € E. Then, by (C.1), £ + Bx:(0) = Bx:(§) C A. The choice of A
guarantees that there exists ¢ € By (£)NeZ? # (). Clearly ¢ € By.(¢) C A"+ By.(0)
and the proof is finished. O

Lemma C.4. Let E C R, e > 0 and A > 1V/d. Define K := {z € E : By.(z) C E}.
If p:=dist(F, K) < oo then

(E+z) C(E+ )" + Bretpu(0) for any x € RY.

Proof. Choose § > 0 so that A —§ > %\/& Since K + x + B(x_4):(0) C £ + = by
definition of K, we have by definition of 1 and Lemma C.3

F+rxCK+zxz+ BM+5E(O) C(E+x)*c+ B()\,(g)g(O) + BH+6€(O)
= (E+2)" 4 Bac4u(0),

and that is exactly what we wanted to prove. O

Remark C.5. Note that if E = Cone, 4(0) for some v € R™ \ {0} and 6 € (0, §) then
w= ﬁs in Lemma C.4.
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