FINITE ELEMENT METHOD FOR LAPLACE’S/POISSON’S
EQUATION IN TWO DIMENSIONS

NORBERT POZAR

1. INTRODUCTION
Consider the following equation on a two-dimensional domain :
—Au=f in{,
{ u=g¢g on Jf.
By multiplying the problem by a test function ¢ € C§°(€2), integrating, and using

the Green’s theorem, we find that u satisfies

/Vu-Vgpdm:/fgodx for all ¢ € C§°(2).
Q )

a(u, @) = [, Vu-V du is a bounded bilinear form on H*(2), while F(¢) = [, fe dz
is a linear form on H(Q). Moreover, a is elliptic on HE (). Therefore by the

Lax-Milgram theorem there exists a unique solution u € {v € HY(Q):v=gon 89}
that satisfies

(1.1) a(u, ) = F(p) for all p € H} ().

We use the finite element method to discretize (1.1). We use a piece-wise linear
approximation on a triangulation of Q. We first approximate the domain Q by Q"
that is a union of disjoint triangles Tih7 1=1,...,1, see Figure 1. We will look for
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FIGURE 1. Approximation of the domain {2 by domain Q". (a) If
) can has a polygonal boundary, we can just take Q. (b) If Q has
a curved boundary so that it cannot be split into triangles, we have
to approximate it by a Q" # Q with a polygonal boundary.
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an approximate solution on a finite dimensional space
={ve C(Q") : v is linear on each T, v = g" on 8Qh},

where ¢" is a piece-wise linear function on 9Q" that in some way approximates g.
We use test functions from the space

Vg = {v e C(Q"): v is linear on each T}*, v =0 on 9Q"}.

We shall find a unique solution u”" € V" of the problem

(1.2) Vul - Ve dr = / fodx for all p € V.
Qh Qh

From now on we fix h > 0 and drop it from the notation We convert this into
a system of linear equations of the form Az = b. Let {rj} , be the nodes of the

triangulation {Tz}i:r We suppose that vertices j = N +1,...,J are the boundary
nodes, r; € 0f), while the vertices j = 1,..., N are in the interior of Q. Every
triangle T; has exactly three distinct vertices Tiis k=1,2,3. By A}, we denote the

barycentric coordinate on 7; with )\};(rj;;) = 1. Let us define the maps
C:RY =V,
f() R — V.

The map ¢ assigns to each vector v € RV the piece-wise linear continuous functions
£(v), given on a triangle T; as

3
i
x) = E AkUji s
k=1
where we set

v; = g"(r}) for the boundary points j = N +1,...,J.

Similarly, £y assigns to each vector w € R a piece-wise linear continuous functions
£y(w), given on a triangle T; as

3
_ E i )
k=1
where we set

wj =0 for the boundary points j = N +1,...,J.

We note that ¢ and ¢y are isomorphisms. Therefore solving (1.2) is equivalent to
finding v € R that satisfies

(1.3) V(o) - Viéo(w) dz = / Flo(w) dz,  for all w € RV,
Qh Qh
By linearity, we can rewrite this as

Z

We now only need to evaluate each integral on a triangle T}*.

Vi(v) - Vi(w) da = Z/ flo(w) dz,  for all w € RV,

Th
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2. INTEGRATION ON TRIANGLES

We now evaluate the integrals on the element 7' = T%. We drop the index i for
simplicity in the following calculations. Suppose that we have a triangle T with area
S, vertices 7, barycentric coordinates i, k = 1,2,3. Suppose that at the vertices
the function £(v) has values vy, and the function ¢(w) has values wy. We evaluate

| #tatw) do = ;k ( | Hon dx) |

On the other hand, we have

3
/ Vi(v) - Vi(w) da = / (kav/\k >-(Zka)\k(x)> dx
T k=1

3

= Z VW) (/ V)\k . V/\ldx) =
T

k,i=1

= VW (/ |V)\1|2dx> + 2u1ws (/ VA1 Vg d:c) +
T T

Therefore we get on each triangle T;

3
Vi) - Vio(w) de =Y vjiw;; </ VAL - VA d:c>,
T k=1 T
3
/ flo(w Zw]k (/ L dx)
k=1
Therefore (1.3) can be evaluated as
I3 ' _ 1
(2.1) DD vwy (/ VAL - VAl dm) = Z w;i (/ 2y dx)
i=1k,l=1 Ti i=1 k=1

which is of the form
(2.2) Av-w=0b-w for all w € RV,

where the entries of the matrix A = (a,,,) and the vector b = (b,,) are given by the
sums of the integrals of the barycentric coordinates over triangular elements.
Since (2.2) must be satisfied for every w € RV, it is equivalent to

Av =b.

The matrix is clearly symmetric, and since the form a(-,-) is elliptic, it is also
positive definite. Therefore we can apply any of the available solvers for linear
systems of this form.

3. INTEGRATION OF BARYCENTRIC COORDINATES

We now evaluate the integrals of barycentric coordinates on a triangle 7" in (2.1).
Suppose that we have a triangle T with area S, vertices ry, barycentric coordinates
Ak, and length of the side opposing vertex rj denoted by dy, k = 1,2, 3. We therefore
need to understand how to evaluate the integrals fT Vi - VA dz.



We have the well-known formula
2plq!r!
/ NN dp = — LT __g
T (p+qg+r+2)!
for p,q,7 € NU{0}. See Section A.
3.1. Example. We have

S s g i=y,
A)\idl’—g, /TAi)\jdzm(l-Fdz‘j){g i
Now we consider the gradients of ;. Since A\ are linear functions, V) are
constant vectors. There are many ways how they can be computed. But since
the barycentric coordinates have simple geometric interpretation, it makes sense to
derive the integrals from geometry.
Let hy be the height of the triangle from vertex ri. We have

28
=0
Note that A is zero on the edge (r9,73), etc. Therefore VA is perpendicular to
(r9,73), pointing inside the triangle. Moreover, \;, changes from zero on the side

opposing rj to one at 1. Since the orthogonal distance between 7y, and its opposing
side is hy, the length of |V x| is given by

Iy

1 dy,
V|l =—=—.
V=5 =35

Let us now consider the inner product VA;-V s, Since both vectors are orthogonal
to the associated edges, pointing inward the triangle, the angle between them is

equal to the exterior angle o at the vertex r3. By the law of cosines, we have
d? —d? —d3
cosay = ——1_2
3 2d1ds
Therefore we have

VAL - Vg = [V ]|V Ag| cos oy = o dy di—di —d5 _ d5—di —dj

2525 2dyd, 852
We therefore have
2 dj,

3.1 el doe = =%
(3.1 [ o o= 4L

d2 _ d2 _ d2
(3.2) / VAL -Vgde =21 2

T 85

3.2. Partial derivatives of \;. We can use the idea of for computing the gradient
of the barycentric coordinates to compute their partial derivatives A;z,, i z,-
Indeed, since V; is just a vector orthogonal to the edge opposite to vertex ¢, we can
simply rotate that edge to get the direction of V;. We then only need to normalize
this vector to have length h; = ?TS This gives us a formula

T2 — T2 T2 — Tir2

= :t 5
hidg 25

where #’, i’ are the two other vertices than . The sign must be chosen so that VA
point correctly inside the triangle.

Aig, ==
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4. THE LINEAR SYSTEM

We now finally find the entries of A and b in the system (2.2). Note that

N N
Av-w = E Amn Vn Wy b-w= E Do, W -
m,n=1 m=1

By analyzing the formula (2.1), we can find the formulas for a,,, and b, using (3.1).
The entry a,,, contains the coefficients in from of the terms containing v,w,, in the
terms on the left-hand side of (2.1). Similarly, b,, contains the coefficients in the
terms from the right-hand side of (2.1) and some boundary terms of the left-hand
side, containing only w,,, but no v,, for any m=1,... N.

Let us now introduce the following notation. Let T (m) C T be the set of triangles
containing the vertex r,,. For m,n let d(m,n) = |r,, — | be the distance between
nodes m and n. For m and T' € T (m) we denote d(m,T) the length of the edge of
T opposite to vertex r,,. S(T') is the area of T.

We have

d*(m,T)
Amm = Z T(T) for'f'n:].,...,.Z\77
TeT (m)
and
Z d*(m,n) —d*(m,T) — d*(n,T)
8S(T :

amn -

form,n=1,...,N, m #n.

~—

TeT (m)NT(n)

Terms containing the boundary values w,, with n > N vanish since w,, = 0. On the
other hand, we have to keep track of the terms containing v,,w,, for N+1 <m < J,
1 <n < N and move them to the right-hand side into b,,. We have

bp= Y /T f@)Ary, (x) dz

T€eT (n)

B Z Z gh(rm)dz(m’n) —d*(m,T) — d?*(n,T)

TeT(m) N+1<m<J
rm €T

4.1. Example. In the case of the regular grid in 2 dimensions, where every square is split
into two triangles, the above formulas yield the finite difference matrix.
5. PER TRIANGLE FORMULAS

In this section we consider an element 1" with area S and with two linear functions
u, v on T with values u’, v* in the vertices. We have

T
(/ V)\z . V/\J> Uivi.
T

3

/Tuvdm: Z

i,j=1
Similarly,

3
/Vu-Vvdx: Z
T

i,j=1
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Consider a more advance example of vector functions u = (uq,...,ug), v =
(v1,...,vK). We have
/dlvudlvvdx— E E (/ . Jml>u}€vlj.
1,7=1k,l=1

APPENDIX A. INTEGRATION OF BARYCENTRIC POLYNOMIALS

Given a n-dimensional simplex S, we claim that

n+1
n! Hl 1 p'L

nt Zn_H B Vol(S),

(A1) / APTAB? - )\f{ff dr =
s
for any p; € NU{0}.

Suppose that S is an n-dimensional simplex of nonzero volume with vertices
Viyeno,Untt, 1.6, S = conv(vy,...,v,+1). In particular, v; — v,41 are linearly
independent. There is an invertible affine transformation T : R” — R™ such that
Tv; = e; and Tw,;1 = 0. Clearly |det(DT)| = Vol(v1 — Upy1,.-sVp — Vps1) L =
(n!'Vol(S))~!

Let \; be the barycentric coordinate on S such that X;(v;) = 1. We therefore
have \;(T'z) =z; for 1 <i<mand A1 (T 12) =131 2.

By change of variables formula, we have

pi — | Pi
/SHA dz = n! Vol(S /T [1M da

()7
= n!Vol(95) / fol(l _ Zwi)pn-{—l dr,
Si=1 i=1

where S = conv(0,eq,.. . Since

1—x1 l1—x1—x2 l—-x1——xp
/ dx_// / .../ ...dzn...dx17

we introduce the change of coordinates

(A.2)

1 =1,
(1 - t1)t2 = (1 — 1‘1)t2 = T2,
(1 — tl)(]. — tg)tg = (]. — X1 — ZL'Q)tg =3,

n—1 n—1
[T = titn = 1= @)ty = 2,
1=1 =1

and we have

[[a-t)=0-> ).
i=1

=1
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Using Fubini’s theorem and the Beta function B,

n

1
I= H (/O P4 (1 — t)2i=i+1 (Pi 1) FPnsa dt)

i=1
n+1

—HB pit+1, Y (pj+1)

Jj=i+1

ool (S ) - 1))
-1l (14500 s+ 1) - 1))
Pt (s +1) - 1))
] (Z"“( +1)— 1)!

1) pi!
(s +1) 1)

12 pi!

T )y
(n+ i)'

|

(2

Plugging this into (A.2), we have (A.1).
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